
Mathematical Economics

Midterm Exam 1

Prof. Alexis Akira Toda

October 23, 2014

Name:

Instructions:

• Don’t start the exam until instructed.
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• Submit your entire exam sheet before leaving the room, even if some parts are
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1. (a) (5 points) Suppose that there are 2 goods, an agent has endowment e = (e1, e2),
and the price vector is p = (p1, p2). Compute the wealth of the agent.

(b) (5 points) Let x =
[

x1

x2

]

and y =
[

y1
y2

]

be two vectors in R
2, the 2-dimensional

Euclidean space. Give the exact definition for each of the following vector in-
equalities: y ≥ x, y > x, and y ≫ x.

(c) (5 points) What is the definition of a utility function being weakly monotonic?

(d) (5 points) Consider the sets

C =
{

(x, y) ∈ R
2

+

∣

∣ xy ≥ 6
}

,

D =
{

(x, y) ∈ R
2

+

∣

∣ x < 3, y < 2
}

.

Can C,D be separated? Answer yes or no. If yes, provide the equation of a
separating hyperplane. If no, explain why.

2. Consider an agent with utility function

u(x1, x2) = 2
√
x1 + 4

√
x2.

Assume that the price is (p1, p2) and the agent has wealth w.

(a) (5 points) Write down the Lagrangian for the utility maximization problem us-
ing the Lagrange multiplier λ ≥ 0.



(b) (5 points) Derive the first-order condition with respect to x1 and x2.

(c) (5 points) Express the demand x1, x2 in terms of λ, p1, p2.

(d) (5 points) Solve for the demand (x1, x2) using only w, p1, p2.

3. Let E = {I, (ei), (ui)} be an Arrow-Debreu economy and {p, (xi)} be an equilibrium,
where p = (p1, . . . , pL) is the price vector.

(a) (5 points) Assume pl < 0. If an agent buys ǫ > 0 of extra good l, how much
more (or less) will his or her wealth be?

(b) (5 points) Prove that if we assume free disposal and at least one agent has a
locally nonsatiated utility function, then prices cannot be negative.

Page 2



4. Consider an economy with three goods labeled by l = 1, 2, 3. Let pl be the price of
good l. Without loss of generality, set p1 = 1. Suppose an agent has wealth w and
utility function

u(x1, x2, x3) = x1 −
1

2x2
2

− x3 log x3 + x3.

(a) (3 points) What is the name of this type of utility function?

(b) (7 points) Compute the demand of the agent. You may assume that good 1 can
be consumed in positive or negative amounts.

5. Consider an economy with two goods, 1 and 2, and two agents, A and B. The utility
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function of each agent is

uA(x1, x2) = x1 + 2
√
x2,

uB(x1, x2) = x1 + 2 log x2.

Suppose that the initial endowments are (eA1 , e
A
2 ) = (4, 5) and (eB1 , e

B
2 ) = (10, 3).

(a) (10 points) Consider the problem of maximizing the sum of utilities,

maximize uA(x
A
1 , x

A
2 ) + uB(x

B
1 , x

B
2 )

subject to xA
1 + xB

1 ≤ eA1 + eB1 ,

xA
2 + xB

2 ≤ eA2 + eB2 .

Let (xA
1 , x

A
2 , x

B
1 , x

B
2 ) be a solution. Compute xA

2 and xB
2 .

(b) (10 points) Let the price be p1 = 1 and p2 = p. Compute the equilibrium price
p and the allocation.

6. Consider an economy with two goods, 1 and 2, and two agents, A and B. The utility
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functions are

uA(x1, x2) = log x1 + 2 log x2,

uB(x1, x2) = 3x1 + x2.

The endowments are (eA1 , e
A
2 ) = (6, 3) and (eB1 , e

B
2 ) = (10, 50).

(a) (3 points) What is the name of the type of agent A’s utility function?

(b) (5 points) Let the prices be p1 = 1 and p2 = p. Compute the demand of agent
A.

(c) (5 points) Assuming agent B consumes positive amounts of both goods, what
is p?

(d) (7 points) Compute the competitive equilibrium.
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