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1. (a) (5 points) Suppose that there are 2 goods, an agent has endowment e = (ey, e2),
and the price vector is p = (p1, p2). Define the budget set of the agent.

(b) (5 points) What is the definition of local nonsatiation?

(¢) (5 points) What is the definition of a convex set?

(d) (5 points) Prove that the budget set is convex.

2. Consider an agent with a Cobb-Douglas utility function
u(z1,72) = alogr; + (1 — a)log xy,

where 0 < a < 1. Assume that the endowment of the agent is (ej, e5) and the price
of each good is p; = 1 and py = p > 0.

(a) (5 points) Write down the Lagrangian for the utility maximization problem us-
ing the Lagrange multiplier A > 0. You may use w = e; + pey for the wealth.

(b) (5 points) Solve for the demand (xy, z3).



(c) (5 points) In general, the locus of demand when the price changes (that is, the
set of (z1,22) corresponding to each 0 < p < o0) is called the offer curve.
Express the offer curve of the agent as xo = g(x1), where g is some function.
(Hint: ¢ depends on the parameters «, ey, e5, but not on p.)

(d) (5 points) Draw a picture of the offer curve on the z;xo plane. Make sure to
indicate the asymptotes, if there are any.

3. Consider an agent with a CES (constant elasticity of substitution) utility function

1
l1—0

u(wy, 19) = (nzy™ + w3 7)),

where aq, s > 0 and 1 # o > 0. Assume that the agent has wealth w > 0 and that
the price each good is py, po.

(a) (5 points) Write down the Lagrangian for the utility maximization problem us-
ing the Lagrange multiplier A > 0.

(b) (5 points) Derive the first order conditions with respect to z; and xs.
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(c) (5 points) Express 72 as a function of £2.

(d) (5 points) In general,
_ _dlog(%/xl)
dlog(pz/p1)

is called the elasticity of substitution between good 1 and 2. (If you don’t like
the expression dlog(ps/p1), just set ¢ = log(pa/p1) and think of log(xs/x1) as a
function of ¢ alone. “d” here refers to the derivative, of course.)

Compute the elasticity of substitution for an agent with CES utility.

4. Consider an economy with two goods, 1 and 2, and two agents, A and B. The utility
function of each agent is

ua(z1, ) = 11 + 24/,
up(xy,x2) = 21 + log 3.

Suppose that the initial endowment is (e, e3') = (ef,eB) = (3, 3).

(a) (3 points) What is the name of this type of utility functions?

(b) (5 points) Consider the problem of maximizing the sum of utilities,

maximize ua(wy, vd) + up(x?, 28)
subject to o ol <ed 6B,
A, B _A_ B
Ty +xy <€y +ey.

Let (22, 24, 28 28) be a solution. Compute 22" and 2.
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(¢) (5 points) Let the price be p; = 1 and py = p. Compute the equilibrium price p
and the allocation.

(d) (7 points) In general, consider an agent with wealth w > 0 and utility function

u(zwo, x1,22) = xo + ¢1(x1) + P2(x2),

where ¢, ¢ are some functions. (You may assume they are increasing, differ-
entiable, and concave.) If the price vector is (1, p1,p2), show that the demand
of good 1 depends only on p; and the demand of good 2 depends only on ps.

5. Consider an economy with two periods denoted by ¢t = 0,1 (today and tomorrow).
There is a single good at each period. As explained in the lecture, goods are distin-
guished by time, so introducing time does not change the model (at least formally).
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The good is perishable, like raw fish, so the good today cannot be transformed into
the good tomorrow.

(a) (5 points) Let pg, p1 be the price of 1 unit of good at each period, so actually p;
is the future price (the amount of money you have to pay today in order to be
delivered 1 unit of good tomorrow). Let the interest rate be 100r%. By arguing
how much good you will get tomorrow by reducing the consumption of 1 unit of
good today, express 1+ r as a function of py and p;.

(b) (5 points) Suppose that there are two agents, A and B, and the endowment of
each agent is e = 8 = (eg,e1). (So A and B go fishing and fish ey at t = 0
and e; at t = 1.) Each agent has the utility function

uA(xo,xl) =(1- BA) log z¢ + B84 log x4,
u® (20, 21) = (1 — BP)logxg + 8P log z1.

Let the price be py = 1 and p; = p. Compute the demand of agent A, given the
price p.

(c) (5 points) Compute the equilibrium price and interest rate.

(d) (5 points) Assume 84 > $B. Which agent is saving? Which agent is borrowing?
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