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Read these instructions and the questions carefully.
Don’t start the exam until instructed.
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Don’t put anything on your desk except the exam sheet, pens, pencils, eraser, and
your ID card (no calculator). Failure to do so may be regarded as academic dishon-
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All logarithms are natural logarithms, i.e., base e = 2.718281828. . ..
“Show” is synonymous to “prove”.

Full credit will not be given to correct but unsupported claims. Example: 22 — 2z +
1 > 0 is true but not obvious. You need to argue 2> — 2z + 1 = (z — 1)* > 0.

The exam time is 80 minutes.

This exam has 7 questions on 11 pages excluding the cover page, for a total of 100
points.

Write the answer in the space below each question, unless otherwise stated in the
question. If you don’t have enough space you can use other parts of the exam sheet,
but make sure to indicate where.

You can detach the last empty page and use it as a scratch sheet.
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1. (a) (2 points) What was the most interesting topic in this course? (Any nonempty
answer gets full credit.)

Solution: Write whatever you want.

(b) (3 points) What is a call option? Explain.

Solution: A call option is the right to buy a stock at a specified price (strike
price).

(¢) (2 points) What is the definition of a convex set?

Solution: C'is convex if for all z,y € C'and 0 < o < 1, we have (1 —a)z +
ay € C.

(d) (3 points) What is the statement of the separating hyperplane theorem? (There
are weak and strong versions. Either of them is fine.)

Solution: If sets C, D are nonempty, convex, and C'N D = (), then there ex-
ists a hyperplane that separates them. More precisely, there exists a nonzero
vector a such that

a-rz<a-y

for all z € C'and y € D. (The strong version says that if C, D are nonempty,
convex, and C'is closed and D is compact, then the above inequality is strict.)

2. Consider an economy with two goods and an agent with utility function

—x1 —x2

u(ry, ) = —e "t —e

Suppose that the agent has initial wealth w. Let the prices be p; = 1 and py = p.

(a) (3 points) Write down the Lagrangian for the utility maximization problem.

Solution:

L(l’l,.ZCQ, )\) = ¢ T ™2 —+ )\(w — T — pCCQ)

(b) (3 points) Using the first-order condition, express x1, z5 using p and A.

Solution: By FOC, we have e™ — A =0 <= z; = —log\ and e™™ —
Ap <= x9 = —log(\p).

(c) (4 points) Express the demand using only p and w.




Solution: By complementary slackness, we have
w = z1 + pry = —log A — plog(Ap) = —(1 +p)log A — plogp
w plogp
— —log\ = + .
SR R
Therefore
w plogp
Ty = + ,
T +p 1+4p
w log p
Ty = — — )
1+p 1+40p

3. Consider an economy with two goods and two agents. The utility functions are

1
Ui(z1,22) = 21 — 7,
213
U- = —— .
9(1,22) 222 + 2

The endowments are e; = e5 = (e, €), where e > 0. Assume that agent 1 can consume
good 1 in negative amounts, and agent 2 can consume good 2 in negative amounts.

(a) (4 points) Let the prices be p; = 1 and p; = p. Compute the demand of agent
1.

Solution: Agent 1’s budget constraint is z; + pro < (1 + p)e. Since the
utility function is monotonic, we have x; = (1 + p)e — pxo. Therefore agent
1’s problem is to maximize

(1 Je — - _1
+ e T .
p po2 23:%

The first-order condition is

—pH 1,0 =0 = 1, =p 13

Therefore 1 = (1 + p)e — p%. Thus agent 1’s demand is

(T11, T12) = ((1 +ple —Pgap_%> '

(b) (3 points) Let z1(p) be the aggregate excess demand of good 1. Compute z;(p).

Solution: Utility functions are symmetric, changing goods 1, 2, and letting
p — 1/p, agent 2’s demand is

(91, X92) = (p%, (1+1/p)e —p’%> )
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Hence
2 1
21(p) = x11 + o1 —2e = (p— 1)e — p3 + p5.

(¢) (2 points) Show that z1(1) = 0 and 2 (00) = 0.

Solution: Trivial by direct substitution.

(d) (2 points) Compute z7(1).

Solution: Since 5 )
TN o, 2, -1/3 L 23
ap) =e—gp” P4
substituting p = 1 we obtain
2 1 1
/ 1 — _ = i i
z(l)=e 3 + 3 e 3

() (4 points) Show that this economy has more than one equilibria if 0 < e < 3.

Solution: Since 0 < e < 1/3, we have 21(1) = e—1/3 < 0. Since z;(1) =0, it
follows that z;(p) < 0 when p > 1 is sufficiently close to 1. Since z;(00) = o0,
by the intermediate value theorem there exists p* > 1 such that z;(p*) = 0,
so there exist multiple equilibria.

4. Consider an economy with two countries, i = A, B, and three consumption goods,
[ =1,2,3. Both countries have labor endowment e¢; = e; = 1. The utility functions
are

1 1
ua(xy, 2, 23) = 5 log z1 + 1 log x5 + 1 log 3,

1 1
up(x1, x9, 23) = 3 log x1 + §log:1:2 + 3 log x3.

Each country can produce the consumption goods from labor using the linear tech-
nology y = aje, where e is labor input, y is output of good [, and a; > 0 is the
productivity. Assume that productivities are

(aAlaaA27aA3> - (4a 272)7
(CLBl>GB2,GB3) = (1; L,2).

(a) (3 points) What is the definition of comparative advantage of country A over
B? Compute the comparative advantage for each industry.

Solution: The comparative advantage is the ratio of productivities a4;/ap;.

Therefore they are
aq1 Qs @
(£7 ﬁ, ﬁ) = (4,2,1).
ap1 ap2 B3
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(b) (3 points) Given the price p = (p1, p2, p3) and the wage w, of country A, com-

pute the demand of country A.

Solution: The income of country A is wy X e; = wy. Since the utility
function is Cobb-Douglas, the demand is

Wwa Wa wA)

(@117 T A2, $A3) = (2—])1; %7 4_p3

(c) (3 points) Assuming that both countries produce good 2 in free trade and setting

P2 = 17 Compute P1,P3, WA, WR.

Solution: If country ¢ produces good [, by profit maximization (zero profit)
it must be pja; = w;. Setting py = 1, we get wa = ax0 = 2, wp = apy = 1,
p1r=walaan =2/4=1/2, and p3 = wp/aps = 1/2.

(d) (3 points) Compute the free trade equilibrium consumption in each country.

Solution: Substituting the prices into the above formula, we get

2 2 2
($A1,$A2,!EA3) = (2(1/2),17 4(1/2)) = (27 1/27 1)'

Similarly, the consumption of country B is

1 1 1
(o amom) = (5753 30073 ) = G/31/3.2/9)

(3 points) Compute the labor allocation across each industry for each country.

Solution: In order to produce

- 24220
€T €T = —_ = —
Al B1 3 3

units of good 1, country A has to hire labor
8 2
car=3/t=3

Therefore e49 = % and ey3 = 0.

In order to produce

Fom =142 =2
TA3 T TB3 = 373

units of good 3, country B has to hire labor

5 5
es = 3/2=75
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Therefore egy = % and eg; = 0.
Then the world output of good 2 is

1 5
2X§+1X6:6:$A2+$B2a

so the markets clear.

5. Consider an economy with two countries, A, B, and two goods, [ = 1,2. There are
many agents, and the utility function of agent i is u;(x1,x2), which is increasing,
quasi-concave, and differentiable. Let the world price of good 2 equal p.

(a) (5 points) If all countries adopt free trade, what is the marginal rate of substi-
tution between goods 1 and 2 evaluated at the equilibrium allocation?

Solution: By the first-order condition (g—’;; = \ip1), the marginal rate of

substitution at the equilibrium allocation is
=P
0x2 8%1

(b) (5 points) Suppose the government of country A is concerned about protecting
industry 2 and imposes a tariff, so the domestic price of good 2 in country A is
pe = p(1 + 1), where 7 > 0 is tariff. If country B adopts free trade, prove that
no matter how the government of country A transfers the revenue from tariff to
its citizens, the equilibrium is Pareto inefficient.

Solution: Due to the tariff, the marginal rate of substitution of an agent at
the equilibrium allocation in contry A is

— (1 + 7).
a332/8:61 p(1+7)

Since this number is different from the marginal rate of substitution of an
agent in country B (which is p), the equilibrium is inefficient.

(c) (5 points) Suppose that you are an economist advising the government for trade
policy. Propose a policy that achieves Pareto efficiency but at the same time
makes everybody at least as well off as autarky.

Solution: According to the lecture note, one way to achieve both goals is
to adopt a free trade policy but transfer wealth across citizens so that the
autarky allocation is just affordable.

6. Suppose that there are two assets, a stock and a (risk-free) bond. The current stock
price is 100 and can either go up to 120 or go down to 75 tomorrow. The risk-free
interest rate is 5%. In answering the questions below, always use fractions.
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(a) (5 points) Let u,d stand for the up and down states and p,,ps be the state
prices. Derive two equations that p,, pg satisfy.

Solution: Since the stock pays 120 in the up state and 90 in the down state,
its price must be 120p, + 90py. Therefore

120p, + 75pa = 100.

Similarly, accounting the bond price, we obtain 105p, + 105p; = 100.

(b) (4 points) Compute py, pqg.

Solution: Solving the above equations, we get p, = % and pg = %.

(c) (2 points) Compute the price of a call option with strike 100.

Solution: The call option pays out max {120 — 100,0} = 20 in the up state
and max {75 — 100,0} = 0 in the down state. Therefore its price is

800

(d) (2 points) Compute the price of a put option with strike 100.

Solution: The put option pays out max {100 — 120,0} = 0 in the up state
and max {100 — 75,0} = 25 in the down state. Therefore its price is

500
Opy + 25pg = —.
Dy + 29Pa 63

(e) (2 points) Compute the price of a convertible bond that promises to pay 100
tomorrow. (A convertible bond is a promise to pay 100, with an option to
deliver the stock instead.)

Solution: Since 75 < 100 < 120, the convertible bond is exercised only in
the down state, so it pays 100 in the up state and 75 in the down state.

Therefore its price is
5500

7. Consider an economy with two periods, denoted by ¢ = 0, 1, and three agents, denoted
by ¢ = 1,2,3. There are two states at ¢ = 1, denoted by s = 1,2. The two states
occur with equal probability m = m = 1/2. Suppose that agent ’s utility function is

Ui(wo, 1, m2) = (o) + mui(r1) + moui(r2),

Page 6



where x, 1, x5 denote the consumption at t = 0 and states s = 1, 2, and the Bernoulli
utility functions u;(x) are given by

The initial endowments e; = (€0, €;1, €;2) are given by

€1 = (17275)7
€2 = (27274)7
es = (3/2,4,7/2).

(a) (2 points) What is the name of this type of utility functions?

Solution: Hyperbolic absolute risk aversion (HARA) utilities. Note that a
HARA utility has a representation

1 1
1(ax+b)1’5.

u(w) = —

The given functions correspond to a = 2 and b = 0, —2, 2.

(b) (2 points) For a given level of consumption, which agent is the most risk averse?
Answer based on reasoning.

Solution: The absolute risk aversion (ARA) coefficient is given by

u’(x) 1
W(zr)  ar+0b

Since a > 0 is common across agents, ARA is larger when b is smaller.
Therefore agent 2 is the most risk averse.

(c) (6 points) Normalize the price of ¢ = 0 good to be py = 1. Compute the equi-
librium state prices p1, ps.

Solution: Since agents have HARA utility with common a, by the argument
in the lecture note, we can compute the equilibrium price through aggrega-
tion. Let e be the aggregate endowment in state s. Then

3 9
=14+24+-="2
€0 + +2 2,
61:2+2+4:8,
7 25
=b+4+-=—.
€9 + +2 9

Let my = 1. Then the equilibrium price is given by

_1
a

ps = Cm,(aes + b)
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for some constant C' > 0, where b = 32 b = 0+ (=2) + 2 = 0. Setting
a =2 and b =0, it follows that

1
1:p0_C9*§:§C — (C =3,
SO

1 13

=3-16"2 = =

P1 9 2 87

1 3
= —2 _EZ—'

P2 = 3525 10

(d) (3 points) Compute the (gross) risk-free interest rate.

Solution: The risk-free asset pays 1 in states s = 1,2. Therefore its price is
b — 3 n 3 27
q=p p2—8 0 10
The gross risk-free rate is
po_1_40
F q 27

(e) (3 points) Consider an asset (stock) that pays out the aggregate endowment as
dividend. Compute the ex-dividend stock price (the stock price excluding the
dividend) at t = 0.

Solution: The stock pays e, in state s. Therefore its price is

3. 325 27

q:p161+p262:§8+E? 1

(f) (2 points) Compute the expected stock return at ¢ = 0 and show that it is higher
than the risk-free rate.

Solution: Since each state occurs with probability 1/2, the expected stock
return is

Ele] 41 25\ 41 40
les] _> R,

E = = —_— e — _ =
Rl ==~ =53 <8+ 2 ) "7 ar

(g) (2 points) Compute the price at t = 0 of a call option written on a stock with
strike price 10.

Solution: Since the stock price (including the dividend) is e, in state s, and
e; =8 < 10 and ey = 25/2 > 10, the call is exercised only in state s. Letting
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K =10 be the strike, the call price is therefore

3 (25
q=p2(€2—K)=—(——10
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You can detach this sheet and use as a scratch paper.
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