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1. Consider an economy with [ agents with utility functions (w;). An allocation is
denoted by (z;), where z; is the consumption bundle of agent i.

(a)

(b)

(5 points) What does it mean that an allocation (y;) Pareto dominates the al-
location (z;)? You can explain in words (maximum 4 points) or write down the
precise mathematical definition.

Solution: (y;) Pareto dominates (x;) if
1. ui(y;) > wi(x;) for all ¢, and
2. u;(yi) > u;(x;) for some 7.

That is, an allocation Pareto dominates another if the everybody weakly
prefers the former and somebody strictly prefers the former.

(5 points) Let the initial endowment be (e;). What does it mean that the allo-
cation (z;) is Pareto efficient? You can explain in words (maximum 4 points) or
write down the precise mathematical definition.

Solution: (z;) is Pareto efficient if
1. (;) is feasible, so 321_, ; < 321 ¢;, and
2. there are no other feasible allocation (y;) that Pareto dominate (x;).

That is, an allocation is Pareto efficient if it is impossible to make somebody
better off without making somebody worse off.

(5 points) What does the first welfare theorem say? You can explain in words.

Solution: The first welfare theorem says that the competitive equilibrium
allocation is Pareto efficient, provided that utility functions are locally non-
satiated. (1 point for referring to the equilibrium allocation, 3 points for
saying Pareto efficient, and 1 point for mentioning local non-satiation.)

(d) (10 points) How are the assumptions of the first and second welfare theorems

different? You can explain in words.

Solution: For the first welfare theorem, the only assumption is local non-
satiation (2 points). For the second welfare theorem, we assume that utility
functions are continuous, quasi-concave, locally non-satiated, and that the
allocation (x;) is interior—that is, z; > 0 for all 7 (2 points for each of these
four assumptions).

2. Consider an economy with two countries (i = 1,2) and two goods (I = 1,2). Each
country consists of a single agent type whose utility function is

u(zy, re) = T129.



Suppose that the labor endowments are ey, = 10, eg = 1, and the vector of labor
productivities are

(aar,as2) = (12,6)
(ap1,ap2) = (4,4).
(a) (10 points) Compute the autarky equilibrium in country A and the utility level.

Note that you need to compute prices, wage, and allocations of goods and labor.
Normalize the price of good 1 so that p; = 1.

Solution: By the zero profit condition we have p;a; = w;, where w; is the
wage in country ¢. Since p; = 1, we obtain wy = a4 = 12 and py, =
wa/ass = 2. Since labor endowment is 10, using the Cobb-Douglas formula
the demand of goods is

1
Tar = — 24 — 60,
2 m

1
Ty = = DACA g
2 p

Letting e; be the labor employment in country ¢, industry [. Solving x; =
aye; for i = A and [ = 1,2, we obtain e4; = 5, eqo = 5. The utility level is
UZ = T A1T A2 — 1800.

(b) (5 points) Repeat the previous question for country B.

Solution: p; =py =1, wp =4,

1UJB€B

Ip1 = 5 = 27
2 ;
1’(1]363

B2 = & = 27
2 po

ep1 = epy = 1/2, utility level Uf = 4.

(¢) (10 points) Compute the free trade equilibrium.

Solution: Since 12/4 > 6/4, A has the comparative advantage in producing
good 1. Therefore B will specialize in good 2. Since country A is large
and more productive, in equilibrium we can guess that A will produce both
goods. In this case prices are p; = 1, po = 2, wy = 12 and the demand and
utility are the same as in autarky. For country B, the zero profit condition
is poaps = wp, so wg = 8. The demand in country B is

1wBeB

IB1 = = :47
2 m
1lwge

B2 = = LA :27
2 po

Page 2



and utility is U = 8. Labor allocation in country B is eg; = 0 and egy = 1.
Since country A produces all of good 1 consumed in the world, we have
Ta1 +xp1 = agrea;. Therefore eyy = 64/12 = 16/3, so ep; = 10 — 16/3 =
14/3.

(d) (10 points) Explain why during international conflicts, large/developed coun-
tries often try to impose an embargo on small/developing countries. (Imagine
the U.S.-Japan relationship before WWII or U.S.-North Korea now.)

Solution: In Ricardo’s international trade model, if a country (say A) is
large and/or more productive, it may be the case that it produces all goods
both in autarky as well as under free trade. In this case since the relative
prices do not change, the utility is the same. On the other hand, the small
and/or less productive country (say B) gains from free trade. Since A has
nothing to lose by shutting down trade but B does, it makes sense for A to
impose an embargo on B during an international conflict to punish the other
without hurting yourself.

3. Consider an economy with three agents (i = 1,2,3), two goods (I = 1,2), and two
countries, A, B. Agents 1 and 2 live in country A and agent 3 lives in country B. The
utility functions are

uy (71, 1) = Ty,
Uy (11, Tp) = 7173,

U3($1,$2) = T1T2.

Suppose that the initial endowments are e; = e; = (3,3) and ez = (18,6). In answer-
ing questions below, in order to make the notation consistent use x; for consumption
of good [ by agent i. (So 15 is consumption of good 2 by agent 1, for example.) Also,
use p; = 1 and py = p for the prices.

(a) (5 points) Compute the competitive equilibrium when country A is in autarky
as well as the utility level of each agent.

Solution: Using the Cobb-Douglas formula, the demand of agents 1, 2 are

2(3+3p) 3+3p

(x11,T12) = < ) =(242p,1+1/p),

3 " 3p
3+3p 2(3+3
(€91, T2) = ( 3 pa ( 3 p)) =(14+p,24+2/p).

Therefore by market clearing we have
2+2p)+(14+p)=3+3 < p=1

The demand is (z11,212) = (4,2), (wo1,792) = (2,4). The utility level is
ufy =422 =232 and u§ =2 -4? = 32,
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(b) (10 points) Compute the free trade equilibrium price and allocation.

Solution: Using the Cobb-Douglas formula, the demand of agent 3 is

(331, T32) = 18 +6p 18+ 6p
31, L32) = 2 2p

) =(9+3p,3+9/p).
Hence by market clearing, we have

2+42p)+(14p)+(9+3p)=3+3+18 < p=2.

Again using the Cobb-Douglas formula, the consumption of each agents are
(.1'11,1'12) = (6,3/2), (3721,1’22) = (3,3), and (l’gl,ﬂfgg) = (15, 15/2)

(c) (5 points) Compute the utility level of each agent and determine who gained
from trade and who lost.

Solution: Utility levels are

ul =62-3/2=54>32=ul,
ul =3-32=27 <32 =1l

225
u§:15-15/227>108:18-6:u§.

Therefore agents 1 and 3 gained from trade and agent 2 lost.

(d) (15 points) Find a tax scheme in country A such that free trade is Pareto im-
proving. Explain why the tax scheme you suggest is Pareto improving.

Solution: Consider a hypothetical economy in which agents start with the
autarky allocation €] = (4,2), e}, = (2,4), and e; = (18,6). Using the Cobb-
Douglas formula, the demand is

(211, 712) = (2(4+ 2p)’ 4+ Qp) |
3 3p

(21, T22) = <2+4p 2(2+4p))

? 3 7 3p ?

(w31, T32) = <l8+6p 18+6p> .
’ 2 7 2

The market clearing condition is

24+2) 2+4p 1846 35
(J?:p)+ J;p+ ;p=4+2+18<:>p:ﬁ.

This price should be the free trade price after the tax and transfer. To make
the autarky equilibrium allocation just affordable, taxes should be set such
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that p-2¢ =p-e; —t; <= t; =p- (e; — ). Therefore

35 18

35 18
—(1,35/17)-(3—-2,3—4)=1— 2 = .
= (135/17)- (3-2,3-4) = 1- = =~

With these tax/transfers and price, since the autarky allocation is affordable,
the equilibrium allocation Pareto dominates the autarky allocation. (5 points
for the candidate price, 5 points for the tax/transfers, and 5 points for the
explanation why it is Pareto improving.)

4. Consider Ricardo’s international trade model with two countries, ¢ = A, B, and L
consumption goods indexed by [ = 1,..., L. Let a; > 0 be the labor productivity
of country i when producing good [. Assume that the values {ay; /aBl}lel are all
distinct.

(a) (5 points) Define the notion of comparative advantage.

Solution: We say that country A has a comparative advantage over country
B in producing good [ rather than ' if a/ap > aar/apy.

(b) (15 points) Let w; > 0 be the wage rate in country i and p; > 0 be the price of
good [. In equilibrium, prove that p;a; < w;, with equality if country ¢ produces
good .

Solution: Suppose on the contrary that p;a; > w;. Then if a firm in country
1 employs labor x > 0 to produce good [, the profit is

magr —wix = (pag — w;)x > 0.

Letting x — oo, the profit diverges to oo, which is incompatible with profit
maximization. Therefore pja; < w;. If country i produces good [, then the
profit cannot be negative, so pja; — w; > 0. Therefore p;a; = w;.

(c) (15 points) Let L = {1,..., L} be the set of goods. Let L; (i = A, B) be the
set of goods produced by country 7 in equilibrium. Prove that L, U Lg = L and
LN Lg is either empty or consists of a single element.

Solution: Since in equilibrium all goods must be produced, we have L4 U
Lp = L. Suppose that L, N Lp contains at least two elements [,I’. Then
by the result of the previous question, we have p;a; = w; and pya; = w; for

1 = A, B. Therefore
aal aay

)
api apy
which is a contradiction.

Page 5



Page 6



You can detach this sheet and use as a scratch paper.
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