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Write the answer in the space below each question, unless otherwise stated in the
question. If you don’t have enough space you can use other parts of the exam sheet,
but make sure to indicate where.

You can detach the last empty page and use it as a scratch sheet.
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1. The hyperbolic absolute risk aversion (HARA) utility function satisfies

u’ () 1

u'(r)  ar+b

where a, b are constants and we only consider the range of x such that ax 4+ b > 0.

(a) (3 points) Derive the functional form of v (up to a monotonic transformation)
when a = 0.

Solution: u(z) = —be~*/* see lecture note for derivation.

(b) (3 points) Derive the functional form of u (up to a monotonic transformation)
when a = 1.

Solution: u(z) = log(z + b), see lecture note for derivation.

(c) (4 points) Derive the functional form of u (up to a monotonic transformation)
when a # 0, 1.

Solution: u(z) = == (az + b)' 71/, see lecture note for derivation.

2. Consider an economy with two goods and I agents. Agent ¢ has endowment (e;1, €;0) >
0 and utility function

ui (1, 2) = oy logzy + (1 — o) log xa,

where 0 < o; < 1. Let the prices be p; = 1 and py = p.

(a) (3 points) Write down the Lagrangian for the utility maximization problem of
agent 7.

Solution:

L(x1,22,\) = alogxy + (1 — a)logzo + Mw — x1 — px2),

where a = «; and w = w; = e;1 + pe;o.

(b) (3 points) Using the first-order condition, express agent i’s demand using p and
the Lagrange multiplier.

Solution: By FOC, we have /21 —A =0 <= 21 =a/Xand (1 —a)/zs =
Ap <= 22 =(1—a)/(\p).

(c¢) (4 points) Express agent i’s demand using only p and other exogenous parame-
ters.




Solution: By complementary slackness, we have

a 11—«
w:$1+p$2zx+ =

1
A A
Therefore
1 = aw = a;(e;1 + pesa),
(1—a)w (1 —a;)(en + pei)

To = = .
p p

(d) (5 points) Does this economy has an equilibrium? If so, is it unique?

Solution: Using the above demand formula, market clearing condition for

good 1 is
I I I
(1 — «;)e;
0= Z(le —€1) = Z(ai(eil +pe) —en) = p= szll( ) 17
i=1 i=1 > izt Qi€ia

which is positive and unique. The market for good 2 automatically clears by
the Walras law. Therefore there exists an equilibrium and it is unique.

3. (15 points) State and prove the First Welfare Theorem under appropriate assump-
tions.

Solution: See lecture note.

4. Consider an economy with two agents indexed by ¢ = 1,2 and two goods indexed by
[ =1,2. The utility functions are
1 1

Ul(l’hxz) = _$_1 - $_27

2 1
UQ(II,ZL’Q) = glog ry + glOgl’Q,

and the initial endowments are e; = ey = (1,6).

(a) (5 points) Is the initial endowment Pareto efficient? Answer yes or no, then
explain why.

Solution: No (4 points). The marginal rate of substitution is

2

MRS, = 2 = 6 = 36
X

—_

for agent 1 and




for agent 2 at the initial allocation, which are not equal (2 points each for
computing MRS).

(b) (5 points) Compute the Pareto efficient allocation in which agent 1 consumes 1
unit of good 1.

Solution: If z1; = 1, then 29y = 1+ 1—1 = 1. Let 2150 = t. Then
Tog = 64+ 6 —t = 12 — t. If the allocation is Pareto efficient, then the
marginal rate of substitution must be the same across agents. Therefore

t? 12—¢

T2 = P42 —24=0 <= (t—4)(t+6)=0 < t=4.

Therefore the allocation is z; = (1,4) and x5 = (1, 8).

(c) (5 points) Compute the competitive equilibrium with transfer payments when
the allocation is the one in the previous question. (Normalize the price of good
ltobel,sop =1.)

Solution: In equilibrium, the marginal rate of substitution must be equal
to the price ratio. Therefore
2
P 1
DU = (o /o) = —.

Do x%l 16

Transfers are t; = 1/8 and t5 = —1/8.

5. Consider an economy with three agents (i = 1,2,3), two goods (I = 1,2), and two
countries, A, B. Agents 1 and 2 live in country A and agent 3 lives in country B. The
utility functions are

Suppose that the initial endowments are e; = e5 = (3,3) and e3 = (6, 18). In answer-
ing questions below, in order to make the notation consistent use x;; for consumption
of good [ by agent i. (So x5 is consumption of good 2 by agent 1, for example.) Also,
use p; = 1 and py = p for the prices.

(a) (3 points) Compute the competitive equilibrium when country A is in autarky
as well as the utility level of each agent.

Solution: Using the Cobb-Douglas formula, the demand of agents 1, 2 are
2(3+3p) 3+3
(z11,712) = ( p)) P =(2+2p,1+1/p),
3 3p
3+3p 2(3+3
(721, T22) = ( 3 pa ( 3 p)) = (1+p,2+2/p).
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(c)

(d)

Therefore by market clearing we have
2+2p)+(14+p)=3+3 < p=1

The demand is (z11,%12) = (4,2), (w91,x22) = (2,4). The utility level is
ufy =42-2=32 and u§ =2-4? = 32.

(4 points) Compute the free trade equilibrium price and allocation.

Solution: Using the Cobb-Douglas formula, the demand of agent 3 is

6+ 18p 6+ 18
(373171332)2( 5 p) 2 p) =(34+9,9+3/p).

Hence by market clearing, we have

1
2+2p)+(14+p)+(B+9p)=3+3+6 <= pP=3

Again using the Cobb-Douglas formula, the consumption of each agents are
(ZL’H,ZL'12> = (3,3)7 (ZEQl,ZEQg) = (3/2,6), and (51331,(1332) = (15/2, 15)

(3 points) Compute the utility level of each agent and determine who gained
from trade and who lost.

Solution: Utility levels are

ul =32.3=27<32=1u,
u) =3/2-6% =54 > 32 =ul,
225
ul =15/2 - 15 === > 108 =618 = uj.

Therefore agents 2 and 3 gained from trade and agent 1 lost.

(5 points) Find a tax scheme in country A such that free trade is Pareto improv-
ing. Explain why the tax scheme you suggest is Pareto improving.

Solution: Consider a hypothetical economy in which agents start with the
autarky allocation €] = (4,2), €}, = (2,4), and e} = (6, 18). Using the Cobb-
Douglas formula, the demand is

24+ 2 442
($117$12):< ( 3 p)’ p)’

2 +4p 2(2 +4p
($21;I22) =

6 + 18p 6 + 18p
($31;$32) = 5
D
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The market clearing condition is

2(4+2p) 2+4p 6+18p 17
=4+4+246 < p=—.
5 T3 T et P=59

This price should be the free trade price after the tax and transfer. To make
the autarky equilibrium allocation just affordable, taxes should be set such
that p-2¢ =p-e; —t; <= t; =p- (e; — ). Therefore

17 )
17 5
=(1,17/22)-(3—2,3—4)=1— — = —.
b= (L17/2) 323y =1 -T2

With these tax/transfers and price, since the autarky allocation is affordable,
the equilibrium allocation Pareto dominates the autarky allocation.

6. Consider the binomial option pricing model discussed in the lectures. Time is denoted
by t = 0,1,...,T. The gross risk-free rate is constant at R > 0. Each period, the
stock can go up or down, so

o US; if stock goes up,
A DS, if stock goes down,

where U > R > D. Suppose the initial stock price Sy > 0 is given and consider an
American put option with strike price K and expiration 7. Recall that a put option
is the right to sell a stock at the strike price, and “American” means that the option
can be exercised any time until expiration.

(a) (4 points) Suppose for simplicity that 7' = 1. Let u, d stand for the up and down
states and p,, pg be the state prices. Derive two equations that p,, pg satisfy.

Solution: Since the stock pays USy in the up state and DSy in the down
state, its price must be USyp, + DSopg. Therefore

So = US()pu + DSopd <~ Upu + Dpd =1.

Similarly, accounting for the bond price, we obtain 1 = Rp, + Rpy.

(b) (3 points) Compute py, pq.

Solution: Expressing in matrix form, we obtain
U D |p.| |1
R R Pd N 1

e IRE el R g Rl i

(c¢) (3 points) Compute the price of the American put option.
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Solution: The put payoff is K — S if exercised. Rational agents exercise
options only if K — S > 0. Therefore the price of the American put option is

P =max {K — Sy, p.P(u) + paP(d)},
where

P(u) = max {0, K — USy},
P(d) = max {0, K — DSy}

are the put payoffs in states u, d.

(d) (10 points) What is the relation between the interest rate R and the put option
price? Is put price increasing, decreasing, or ambiguous in R?

Solution: Let p = % be the risk-neutral probability of state u. Then we

can write
P = max {K — Sy, p.P(u) + paP(d)}

= max {K — Sy, %(pP(u) + (1 —p)P(d))}

_ max{K— o L (P() + (1 - p)(P(d) ~ P<u>>>}.

Clearly P(d) > P(u) since U > D, so P(d) — P(u) > 0. Furthermore, 1/R
and
|, U
P=u-D

are decreasing in R. Therefore P is decreasing in R.

(e) (10 points) How does your answer to the previous question change for general
expiration date T'7

Solution: The answer remains the same. To see this, let P; be the put option
price at t and let P,y1(u), P, 1(d) be the put option prices at ¢ + 1 when the
stock goes up or down. Since a multi-period model is just a repetition of a
two period model, we can prove P,;q(u) < P1(d) by induction. Since

1

P max { K = S, (Pess(0) + (1= )Pt~ Pea(w)

and the terminal payoffs do not depend on R, it follows from induction that
P, is decreasing in R.
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You can detach this sheet and use as a scratch paper.
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