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1 Basics

1. Consider the CES utility function (with a slightly different parameterization)

u(wr,22;0) = (afa} ™ +aga} ™),

where oy, as, 0 > 0 are parameters.

(a) Assume a; + ay = 1. Compute lim,_,; u(x1,x9;0) and show that the Cobb-
Douglas utility function is a special case of CES (up to a monotonic transfor-
mation).

(b) Compute

lim u(z, x9; 0)
T—r00

and show that the Leontief utility function is a special case of CES.

2. Consider an agent with CES utility function

1

o, 1-0c o, 1-0c
1_O_< )7

u(zy, xe) = afz; 7 4 ag

where aq, ag, 0 > 0 are parameters. (As usual, ¢ = 1 corresponds to Cobb-Douglas.)
Let w > 0 be the wealth of the agent and p;,ps > 0 be the price of goods. Compute
the demand.

3. Consider an agent with the CES utility function

u(wn, 1) = ——

Let (e1,e2) be the initial endowment. Let ;(p1, p2) be the demand for good I, given
prices.

(a) Show that if o < 1, then z1(p;,p2) is decreasing in p;, so demand curves are
downward sloping.

(b) Show that if & = oo (Leontief) and £ > 22, then z;(p1,p2) is increasing in p.
4. Consider an agent with additively separable utility function
U(Q?l, 1'2) = ul(l'l) + UQ(.CL’Q),

where u; > 0 and u} < 0 for | = 1,2. Let py, ps > 0 be the price of goods and (e, e2)
be the initial endowment. Let

ruf ()

uy(x)

Yi(r) = —

be the relative risk aversion coefficient with respect to good [. Below, let (x1,z3) be
the demand given the prices.
(a) Let p = p1/p2 be the relative price of good 1. Show that u)(z1) = puj(es —
p(z1 —€1)).
Ox1

(b) Show that if y5 < 1, then S < 0,80 the demand of good 1 is downward sloping.



5. Consider an economy with / agents and two goods. Suppose that agent ¢’s utility
function is

Ui(x1,22) = 951_% + Bilog 2,

L=
where f3;,7; > 0 are parameters. For arbitrary initial endowment (e;1, €;2)icr, show
that there exists a unique equilibrium.

6. Consider an economy consisting of two agents, i = A, B, and two goods, [ = 1,2.
The initial endowments are e4 = a = (a1, a2) > 0, eg = b = (b1, bs) > 0, and agents
have Cobb-Douglas utility functions

Ua(zy,22) = alogz + (1 — a)log x4,
Up(w1,22) = Blogx; + (1 — 3) log o,
where «, 5 € (0,1). Below, normalize the price of good 2 to be p; = 1 and set p; = p.

(a) Let w = pa; + ay be the wealth of agent A. Write down the Lagrangian of the
utility maximization problem.

G

Derive the first-order conditions.

a/\

)
c) Express the demand of agent A using only «, ay, ag, p.
) Compute the equilibrium price.

)

—~
@

Show that if either (i) the supply of good 1 decreases (a; or b; goes down), (ii)
the supply of good 2 increases (ay or by goes up), or (iii) agents like good 1 more
(v or B goes up), then the price of good 1 increases.

7. Let £ ={I,(e;), (u;)} be an Arrow-Debreu economy and {p, (z;)} be an equilibrium,
where p = (p1, ..., pr) is the price vector.

(a) Assume p; < 0. If an agent buys € > 0 of extra good [, how much more (or less)
will his or her wealth be?

(b) Prove that if we assume free disposal and at least one agent has a locally non-
satiated utility function, then prices cannot be negative.

8. Consider an agent with a CES (constant elasticity of substitution) utility function

u(xy, x9) = - (almi_" + 042513%_0) ,

1—

where aq, a5 > 0 and 1 # ¢ > 0. Assume that the agent has wealth w > 0 and that

the price each good is py, ps.

(a) Write down the Lagrangian for the utility maximization problem using the La-
grange multiplier A > 0.

(b) Derive the first order conditions with respect to x; and xs.

€2

(c) Express 22 as a function of £2.

(d) In general,
_ _dlog(mg/xl)
dlog(pz/p1)

is called the elasticity of substitution between good 1 and 2. (If you don’t like
the expression dlog(ps/p1), just set ¢ = log(psa/p1) and think of log(xs/x1) as a
function of ¢ alone. “d” here refers to the derivative, of course.)

Compute the elasticity of substitution for an agent with CES utility.
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9. Consider an Arrow-Debreu economy with two agents indexed by ¢ = 1,2. Suppose
that the utility functions are

Ui(21,72) = alogzi + (1 — ) log 22,

Us(x1, z9) = min{xq, 22},
where 0 < a < 1 is a preference parameter. Let agent ¢’s initial endowment be
(€:1,€:2). Let py =1 and py = p be the prices.
(a) Compute each agent’s demand for good 1, given p.

(b) Derive a necessary and sufficient condition such that p is an equilibrium price
for some e;5 > 0.

(c) Show that when agent 1 likes good 1 more (« increases), the relative price of

good 1, which is 1/p, increases (so p decreases).

10. Consider an economy with two goods and I agents. Agent i has endowment (e;1, €;2) >
0 and utility function

wi(x1, ) = oy logzy + (1 — o) log o,

where 0 < o; < 1. Let the prices be p; = 1 and ps = p.
(a) Write down the Lagrangian for the utility maximization problem of agent 7.

(b) Using the first-order condition, express agent i’s demand using p and the La-
grange multiplier.

(c) Express agent i’s demand using only p and other exogenous parameters.

(d) Does this economy have an equilibrium? If so, is it unique?

11. Consider an economy with I agents and L goods. Suppose agent i has the Cobb-
Douglas utility function

L
w;i(z) = Zail log x;,
=1

where x = (z1,...,21)", az > 0, and Zlel oy = 1. Let e; > 0 be the endowment of
agent ¢ and ¢; = Zle e; be the aggregate endowment of good I.

(a) Let p= (p1,...,pr) > 0 be the price vector. Compute the demand of agent 1.
(b) Show that in equilibrium, it must be p > 0 and

I
p-Zomei =mpe, [=1,..., L.
i=1
(¢) Define the vector ¢ = (q1,...,q.) € RY, by ¢ = pie; and the L x L matrix

B = (blm) by
I
Cim
b = _ cti —
i=1 m

Show that the equilibrium condition in the previous question is equivalent to
Bq = ¢ and that the matrix B’ is a positive transition probability matrix.
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12.

13.

14.

15.

16.

(d) Prove that a unique equilibrium exists.

Consider an economy with two physical goods (apples and bananas) and two periods
denoted by ¢ = 1,2. There is only one agent (type) with utility

U(z1,y1,72,92) = u(z1, y1) + Bu(xa, y2),
where
u(z,y) = alogz + (1 —a)logy
is the period utility function, 5 > 0 is the discount factor, and z;,v; denote the

consumption of apples and bananas in period ¢. Let the endowment of apples and
bananas in period t be a; and b;.

(a) Compute the gross real interest rate in units of apples.
(b) Compute the gross real interest rate in units of bananas.
(c) Under what condition do the two interest rates coincide? Is it surprising that

the two rates are distinct except a very special case?

Prove that strong monotonicity implies weak monotonicity, which implies local non-
satiation.

Let & = {I, (e;), (u;)} be an Arrow-Debreu economy with locally non-satiated utili-
ties. Suppose that for some i, u; is weakly monotonic. Show that if £ has a compet-
itive equilibrium, then it also has an equilibrium in which all markets clear exactly,

that is,
I I
Z €T; = Z €;.
=1

i=1

Consider an Arrow-Debreu economy with two agents denoted by ¢ = A, B and S
states denoted by s = 1,...,5. Let m, > 0 be the objective probability of state s,
where Zle ms = 1. Let e;s > 0 be agent ¢’s initial endowment of good s. Suppose
that the utility functions are given by

Ua(x) = Z msu(zs),

s
UB(:C) = Zﬂ-sxsu
s=1
where v/ > 0, " < 0, v/(0) = oo, and u/(c0) = 0. What is the most you can say
about equilibrium prices and allocations?

The hyperbolic absolute risk aversion (HARA) utility function satisfies
u(z) 1
u'(r)  ax+b

where a, b are constants and we only consider the range of x such that ax +b > 0.
(a) Derive the functional form of u (up to a monotonic transformation) when a = 0.
(b) Derive the functional form of u (up to a monotonic transformation) when a = 1.

(c) Derive the functional form of u (up to a monotonic transformation) when a #
0,1.
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2 Quasi-linear model

1. Consider an economy with two goods, 1 and 2, and two agents, A and B. The utility
function of each agent is

ua(zy, xe) = 1 + 24/,
up(®1,22) = o1 + 2log x5.

Suppose that the initial endowments are (ef', e') = (4,5) and (e, ef) = (10, 3).

(a) Consider the problem of maximizing the sum of utilities,

maximize ua(ri, 25) +up(a?, z2)
subject to et + 2B < el 4 6B,
A, B __A_ B
Ty +ay; <ey tey.

Let (x4, 24, 28, 2P) be a solution. Compute x2' and 2.

(b) Let the price be p; = 1 and py = p. Compute the equilibrium price p and the
allocation.

2. Consider an economy with two agents (i = 1,2) and two goods (I = 1,2). The utility
functions are

9
Ul(x17x2> =T — x—27

us(r1, 72) = 71 + 2log x,.

The initial endowments are e; = (5,1) and es = (4,4). Compute the competitive
equilibrium.

3. Consider an economy with two goods, 1 and 2, and two agents, A and B. The utility
function of each agent is
8

ua(r1,22) = 21 — e

up(x1,29) = x1 + 101og z5.

Suppose that the initial endowments are (i, e3') = (4,4) and (ef,el) = (10, 3).

(a) Consider the problem of maximizing the sum of utilities,
maximize uA(:U‘f, z5)) +up(x?, 22)
subject to o ol <ed 4B,
x§1+x§ < e?—l—ef.
Let (22, 24, 28, 28) be a solution. Compute 22 and 2.
(b) Let the price be p; = 1 and py = p. Compute the equilibrium price p and the
allocation.

4. Consider a quasi-linear economy with two goods and two agents indexed by i € {1, 2}.
Agent i is endowed with (e;o, €;1) of each good and has utility function

u; (o, 1) = 0 + B;log xy,

where ; > 0. Compute the Walrasian equilibrium.
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. Consider a quasi-linear economy with two goods and I agents indexed by i. Agent i
is endowed with (e;, e;1) of each good and has utility function

r17

1—o0’

ui(zo, 1) = 20 + 5

where §; > 0 and o > 0. Compute the Walrasian equilibrium.

. Let &€ = {1, (i, €;), (u;)} be an economy with quasi-linear utility functions u;(zo, x) =
xo + ¢i(x). Suppose that ¢;’s are differentiable, strictly increasing, and strictly con-
cave. Let & = {I, (€, €l), (u;)} be another economy with the same utility functions

i0 €
but potentially different endowments. Show that if 321 e; = Y21 ¢/, then the

equilibria of £,&" coincide in the sense that the prices and the allocation of the
non-numéraire goods are the same.

Welfare theorems

. Consider an economy with L goods and I agents. Agent i has endowment ¢; and a
locally nonsatiated utility function w;(z). Let p be the price vector.

(a) What is the definition of local nonsatiation?

(b) Suppose z; solves the utility maximization problem
maximize u;(x) subject to p-xz <p-e;.

Explain why it must be the case that p-z; = p-e;.
(c) What does it mean that an allocation (y;) Pareto dominates the allocation (x;)?
(d) What does it mean that the feasible allocation (x;) is Pareto efficient?
(e) Let {p, (z;)} be an Arrow-Debreu equilibrium. Prove that (z;) is Pareto efficient.

. Consider an economy with [ agents with utility functions (u;). An allocation is
denoted by (z;), where x; is the consumption bundle of agent i. The initial endowment

is (61)
(a) What does it mean that the allocation (z;) is Pareto efficient?
(b) What does the first welfare theorem say?

(c) How are the assumptions of the first and second welfare theorems different?

. Consider an economy with two agents and two goods. The utility functions are

u1 (21, T2) = /7172,
ug (1, x2) = min {y/T122,4} .

The initial endowments are e; = (1,9) and ey = (9,1).

(a) Show that the price vector (p1,p2) = (1,1) and the allocation z1 = xo = (5,5)
constitute a competitive equilibrium.

(b) Show that the equilibrium allocation is Pareto inefficient.

(c¢) Does this example contradict the first welfare theorem? Answer yes or no, and
explain why.
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4. Consider an economy with two agent with Cobb-Douglas utility functions

2 1
uy (1, x2) = = logxy + = log xa,

3 3
1 2
ug (1, 29) = glog 1 + glogxg.

Assume that the endowments are e; = (1,2) and e; = (1, 3).
(a) Consider the allocation (x1,z5) (for agent 1) and (2 — x1,5 — x2) (for agent 2).
Compute the marginal rate of substitution
81’2 8x1
for each agent ¢ = 1,2 at this allocation.
(b) Show that the initial endowment {(1,2), (1,3)} is Pareto inefficient.
(c) Show that the allocation {(1,1),(1,4)} is Pareto efficient.

(d) Compute the price vector p = (p1, p2) (with p; = 1) and transfer payments (¢, t2)
such that the price p and the allocation {(1,1),(1,4)} constitute a competitive
equilibrium with transfer payments.

5. Consider an economy with two agents indexed by ¢ = 1,2 and two goods indexed by
[ =1,2. The utility functions are

1 1
Ul(l‘hxz) = _x_ - I_u
1 2

2 1
ug (1, x0) = glog T+ glong,

and the initial endowments are e; = e3 = (1, 6).
(a) Is the initial endowment Pareto efficient? Answer yes or no, then explain why.

(b) Compute the Pareto efficient allocation in which agent 1 consumes 1 unit of
good 1.

(c) Compute the competitive equilibrium with transfer payments when the alloca-
tion is the one in the previous question. (Normalize the price of good 1 to be 1,
so p; = 1.)

4 Existence

1. (a) DefineI' : R — R by

m:{{O}’ (x <0)
[0,1]. (x >0)

Show that I is upper hemicontinuous but not lower hemicontinuous.
(b) Define I' : R — R by

[0,1]. (z>0)

Show that I' is lower hemicontinuous but not upper hemicontinuous.

Me) = {{0}, (z <0)
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2. To see why the assumption e; > 0 is necessary for the existence of equilibrium,
show that the budget set is not lower hemicontinuous when L = 2, ¢; = (1,0), and

p=(0,1).

3. Instead of assuming that any bundle x € RJLF is physically possible, let X; C Ri be
the consumption set (the set of all physically possible consumption bundles) of agent
i. For example, if good 1 is “leisure” (time measured in hours) and other goods can
be consumed in any amount, then X; = [0,24] x RL~".

Let £ = {1, (e;), (u;) } be an Arrow-Debreu economy. Prove that an equilibrium exists
if for all ¢ (i) X; is closed and convex, (ii) e; € X;, and there exists a point z; € X
such that e; > z;, and (iii) u; : X; — R is continuous, quasi-concave, and locally
nonsatiated.

4. Let € = {I,J, (&), (w;), (Yj), (0:;)} be an Arrow-Debreu economy with production.
Assume that for all j, 0 € Y; (possibility of inaction) and Y; is compact and convex.
Prove the existence of equilibrium under suitable assumptions.

5. We say that there is an externality when the utility of some agent depends on the con-
sumption of some other agent, such as a neighbor’s ugly yard full of weeds (negative
externality) or another neighbor’s beautiful yard full of flowers (positive externality).
Consider an economy & = {I, (e;), (u;)}, where w;(x) is the utility of agent ¢ when
the allocation is z = (z;) = (@1,...,27) = (7;,7_;) € RY. Here z; € R% denotes

(

the consumption of agent ¢ and z_; € Ri =1 denotes the consumption bundles of

all other agents.

Assume that for all i, e; > 0, u;(x) is continuous in z, and w;(z;, z_;) is quasi-concave
and locally nonsatiated in ;. Verify that the existence of a competitive equilibrium
can be proved in the exact same manner.

5 International trade

1. Consider an economy with three goods and two agents, all with the utility function

1 1
u(zy, xe, x3) = 3 log x1 + 3 log x9 + 3 log 3.

Labor endowments are (e4,ep) = (1,3) and productivities are
(aAlv aA2, (IAg) = (127 97 8)7
(ap1,aps, ap3) = (6,4,3).
Compute the equilibrium in autarky for each country and the free trade equilibrium.

2. Consider an economy with two countries, i = A, B, and three consumption goods,
[l =1,2,3. Both countries have labor endowment e4 = eg = 3. The utility functions
are

1 1
ua(zy, Te, x3) = 5 log x1 + Zlogazg + 1 log 3,

1 1
UB(ZEh Xa, (L’g) = g logxl + g 10g$2 + g logxg.
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Each country can produce the consumption goods from labor using the linear tech-
nology y = a;e, where e is labor input, y is output of good I, and a; > 0 is the
productivity. Assume that productivities are

(CLAl, aA2, CLAg) - (47 27 2)7
(ap1,ap2,aps) = (1,1,2).
(a) What is the definition of comparative advantage of country A over B? Compute
the comparative advantage for each industry.

(b) Given the price p = (p1,p2,p3) and the wage wa of country A, compute the
demand of country A.

(c) Assuming that both countries produce good 2 in free trade and setting py = 1,
compute py, p3, Wa, Wp.

(d) Compute the free trade equilibrium consumption in each country.
(e) Compute the labor allocation across each industry for each country.
3. Consider a world with L goods indexed by | = 1,...,L. Let p = (p1,...,pr) be
the vector of world prices. Suppose that a small country (hence it does not affect

world price p) has [ citizens indexed by i = 1,...,I, and let u;(x) be the (locally
nonsatiated) utility function of agent i and e; be the initial endowment.

(a) Suppose that the government is adopting some trade policy (tariff, quotas, etc.),
and the equilibrium allocation is (x;). If the government is neither running a
trade surplus nor a deficit, show that it must be

1

(b) Find a trade policy that weakly Pareto improves the initial trade policy. Explain
why your policy is weakly Pareto improving.

4. Consider an economy with three agents (i = 1,2,3), two goods (I = 1,2), and two
countries, A, B. Agents 1 and 2 live in country A and agent 3 lives in country B.
The utility functions are

uy (1, 1) = 11wy,

Uy (1, 1) = 1173,

U3($1, ZL’Q) = T1T2.

Suppose that the initial endowments are e; = es = (3,3) and e3 = (22, 8).

(a) Compute the competitive equilibrium when country A is in autarky as well as
the utility level of each agent.

(b) Compute the free trade equilibrium price and allocation.

(c) Compute the utility level of each agent and determine who gained from trade
and who lost.

(d) Find a tax scheme in country A such that free trade is Pareto improving. Explain
why the tax scheme you suggest is Pareto improving.
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5. Consider an economy with two countries, i = A, B, and two physical goods, [ = 1, 2.
The endowment is e4 = (6,1) and eg = (1,6). The utility function is u(xy, z2) = z129
for all agents. Suppose that there are transportation costs, and 50% of the exported
goods perish by the time they reach the destination.

(a) How many kinds of goods are there in the world? Answer the number and
explain the reason.

(b) Assuming that country A imports good 2, what is its price? (Set the price of
good 1 equal to 1.)

(c) Compute the free trade equilibrium.
6. Consider an economy with two goods indexed by | = 1,2. Suppose that there is a

small country (so it doesn’t affect world prices) with two agents indexed by i = 1,2
and endowments e; = (3/2,1), e2 = (1,3/2). All agents have utility function

u(zy,e) = T1T9.

Below, always normalize the price of good 1 to be p; = 1.
(a) Compute the autarky equilibrium allocation and price.

(b) Suppose that the country opens up to trade, and the price of good 2 changes
to po = 1/2. Compute the free trade allocation and utility and determine who
gains/loses from trade.

(c¢) Suppose that the government imposes a tariff of 7 = 1/4 on the import of good
2, and the domestic price of good 2 becomes ¢ = ps +7 =1/2+1/4 =3/4. Let
T be the tax revenue from the tariff, and suppose that the government gives out
the tariff revenue equally to agents (so each agent gets T'/2). Derive an equation
that T satisfies.

(d) Solve for the new allocation and show that all agents gain from trade.
(e) Propose a better policy than the government’s. Compute the allocation and

utility under your suggested policy.

7. Consider an economy with two countries (i = 1,2) and two goods (I = 1,2). Each
country consists of a single agent type whose utility function is

u(zy, e) = T129.

Suppose that the labor endowments are e4 = 10, eg = 1, and the vector of labor
productivities are

(a1, ax2) = (12,6)
(ap1,ap2) = (4,4).
(a) Compute the autarky equilibrium in country A and the utility level. Note that

you need to compute prices, wage, and allocations of goods and labor. Normalize
the price of good 1 so that p; = 1.

(b) Repeat the previous question for country B.

(c) Compute the free trade equilibrium.
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(d) Explain why during international conflicts, large/developed countries often try
to impose an embargo on small/developing countries. (Imagine the U.S.-Japan
relationship before WWII or U.S.-North Korea now.)

8. Consider Ricardo’s international trade model with two countries, i = A, B, and L
consumption goods indexed by [ = 1,..., L. Let a;; > 0 be the labor productivity
of country ¢ when producing good . Assume that the values {a4;/ aBl}le are all
distinct.

(a) Define the notion of comparative advantage.

(b) Let w; > 0 be the wage rate in country ¢ and p; > 0 be the price of good . In
equilibrium, prove that p;a; < w;, with equality if country ¢ produces good .

(c) Let L ={1,...,L} be the set of goods. Let L; (i = A, B) be the set of goods
produced by country ¢ in equilibrium. Prove that Ly U Ly = L and L4 N Lp is
either empty or consists of a single element.

9. Consider an economy with two countries (i = 1,2) and two goods (I = 1,2). Each
country consists of a single agent type whose utility function is

u(zy, x2) = T129.

Suppose that the labor endowments are e4 = 1, eg = e, and the vector of labor
productivities are

(aAla aA?) = (27 1)

(031, CLB2) = (171

Below, normalize the price of good 1 so that p; = 1.
(a) Define the notion of comparative advantage.

(b) Under what condition on e is there a free trade equilibrium in which country A
produces both goods? Compute the equilibrium.

(c¢) Under what condition on e is there a free trade equilibrium in which country B
produces both goods? Compute the equilibrium.

(d) Under what condition on e is there a free trade equilibrium in which each country
produces only one good? Compute the equilibrium.

6 Finance

1. Suppose that there are two assets, a stock and a (risk-free) bond. The current stock
price is 100 and can either go up to 120 or go down to 75 tomorrow. The risk-free
interest rate is 5%. In answering the questions below, always use fractions.

(a) Let u,d stand for the up and down states and p,, ps be the state prices. Derive
two equations that p,, pg satisfy.

(b) Compute py, pq-
(c) Compute the price of a call option with strike 100.
(d) Compute the price of a put option with strike 100.
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(e) Compute the price of a convertible bond that promises to pay 100 tomorrow.
(A convertible bond is a promise to pay 100, with an option to deliver the stock
instead.)

2. Consider an economy with one physical good (raw fish), two periods (¢t = 0, 1), and
two states at t = 1, denoted by s = 1,2. Let m, be the probability of state s = 1,2,
where m; + m = 1. Suppose that agents (fishermen) have utility functions

u(zo, x1,22) = (1 — B) log xg + m1 4 log x1 + w5 log x2,

where 0 < 8 < 1 is a parameter and xg, 1, zo are consumption of fish at ¢ = 0, state
1, and state 2.

(a) How many goods are there in this economy?

(b) Suppose that fishermen are sophisticated and trade future contracts that are
contingent on states. For example, a state 1 contract delivers 1 fish in state 1.
Let po = 1 be the price of fish at ¢t = 0 and p, (s = 1,2) be the future price state
s future contract. If an agent has wealth w, what is his demand?

(c) Let eg,e1,es be the aggregate endowment of fish and W = ey + p1e; + paes be
the aggregate wealth. Show that
1-p T 18 o o3 1

eo  pier paea W

(d) Compute the future prices py, ps.

(e) Consider an asset that pays out the aggregate endowment of fish at ¢ = 1 as
dividend. Compute the asset price.

(f) Compute the gross risk-free rate in this economy.

3. Consider an economy with two periods, denoted by t = 0, 1, and three agents, denoted
by ¢ = 1,2,3. There are two states at t = 1, denoted by s = 1,2. The two states
occur with equal probability m; = m = 1/2. Suppose that agent i’s utility function
is

Ui(wo, o1, 72) = ui(wo) + mui (1) + moui(w2),

where xg, 1, ro denote the consumption at t = 0 and states s = 1, 2, and the Bernoulli
utility functions w;(x) are given by

The initial endowments e; = (e;, €;1, €;2) are given by
€1 = (]-) 27 5)7

es = (2,2,4),
es = (3/2,4,7/2).

(a) What is the name of this type of utility functions?
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(b) For a given level of consumption, which agent is the most risk averse? Answer
based on reasoning.

(¢) Normalize the price of t = 0 good to be py = 1. Compute the equilibrium state
prices pi, pa.

(d) Compute the (gross) risk-free interest rate.

(e) Consider an asset (stock) that pays out the aggregate endowment as dividend.
Compute the ex-dividend stock price (the stock price excluding the dividend) at
t=0.

(f) Compute the expected stock return at ¢ = 0 and show that it is higher than the
risk-free rate.

(g) Compute the price at t = 0 of a call option written on a stock with strike price
10.

4. What is the Mutual Fund Theorem? Explain the statement, assumptions, and prac-
tical implications.

5. Consider an economy with two periods, denoted by t = 0, 1, and three agents, denoted
by ¢ = 1,2,3. There are two states at ¢ = 1, denoted by s = 1,2. The two states
occur with equal probability m; = m = 1/2. Suppose that agent i’s utility function
is

Ui(zo, 21, T2) = ui(wo) + mui(21) + moui(22),

where g, 1, r9 denote the consumption at ¢ = 0 and states s = 1, 2, and the Bernoulli
utility functions u;(x) are given by

4
uy () =-
4
ua(e) = -2
4
uz(x) = Pt

The initial endowments e; = (e;, €;1, €;2) are given by

€1 = (37 57 1)7
€2 = <3a 373)7
es = (2,4,2).

(a) What is the name of this type of utility functions?

(b) For a given level of consumption, which agent is the most risk averse? Answer
based on reasoning.

(¢) Normalize the price of ¢ = 0 good to be py = 1. Compute the equilibrium state
prices pi, pa.

(d) Compute the (gross) risk-free interest rate.

(e) Consider an asset (stock) that pays out the aggregate endowment as dividend.
Compute the ex-dividend stock price (the stock price excluding the dividend) at
t=0.
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(f) Compute the expected stock return at ¢ = 0 and show that it is higher than the
risk-free rate.

(g) Compute the price at t = 0 of a put option written on a stock with strike price
9.

6. Consider the binomial option pricing model discussed in the lectures. Time is denoted
by t =0,1,...,T. The gross risk-free rate is constant at R > 0. Each period, the
stock can go up or down, so

o US; if stock goes up,
A DS; if stock goes down,

where U > R > D. Suppose the initial stock price Sy > 0 is given and consider an
American put option with strike price K and expiration 7. Recall that a put option
is the right to sell a stock at the strike price, and “American” means that the option
can be exercised any time until expiration.

(a) Suppose for simplicity that 7= 1. Let u,d stand for the up and down states
and p,, pq be the state prices. Derive two equations that p,,, pg satisfy.

(b) Compute py, pq-

(c) Compute the price of the American put option.

(d) What is the relation between the interest rate R and the put option price? Is
put price increasing, decreasing, or ambiguous in R?

(e) How does your answer to the previous question change for general expiration
date 17

7. Consider an economy with two agents (i = 1,2), two periods (¢t = 0,1), and two
states (s = u,d) at t = 1. The aggregate endowment is e = (eg, €, €4), where ey > 0
and e, > e; > 0 (so u,d are the “up” and “down” states). The initial endowments
are e; = ae and e3 = (1 — a)e, so the wealth share of agent 1is 0 < a < 1. Agent 1’s
subjective probability of state s is w; > 0, where 7, + 74 = 1. The utility functions
are

w1 (o, Ty, xq) = (1 — B)logzg + p(m, log x, + m4log x4),
Uz (20, Tu, 4) = (1 — B)log o + Blog(min {x,, 14}),
where 0 < § < 1 is the discount factor. Let p = (1, py,pq) be the price vector and

W = ey + pueu + paeq be the value of aggregate endowment. Note that this is an
Arrow-Debreu economy, so all trades occur at ¢t = 0.

(a) Compute the demand of agent 1 using p,, ps, W, and exogenous parameters.
(b) Compute the demand of agent 2 using p,, ps, W, and exogenous parameters.

c) Let a “stock” be an asset that pays out the aggregate endowment at ¢ = 1. Let
gereg

a ‘“risk-free asset” be an asset that pays out 1 at ¢ = 1 no matter what. Let

s, qr be the price of the stock and risk-free asset at ¢ = 0. Express g5, gf using

Only Pu; Pd; Eu; €q-

(d) Express p,, pq using only g¢s, gy, €y, €q-
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(e) Using the market clearing condition for ¢ = 0, compute ¢, using only exogenous
parameters.

(f) Using the market clearing condition for s = u, d, show that

Ofﬁ (Wu 71-d>
|l ——— | =e,—eq
1- /B Pu Pa
(g) Show that the risk-free rate goes up when agent 1 becomes relatively richer (i.e.,
« gets larger).

8. Consider the binomial option pricing model discussed in the lectures. Time is denoted
by t =0,1,...,T. The gross risk-free rate is constant at R > 0. Each period, the
stock can go up or down, so

o US; if stock goes up,
A DS, if stock goes down,

where U > R > D. Suppose the initial stock price Sy > 0 is given and consider an
American put option with strike price K and expiration 7. Recall that a put option
is the right to sell a stock at the strike price, and “American” means that the option
can be exercised any time until expiration.

(a) Suppose for simplicity that 7' = 1. Let u,d stand for the up and down states
and p,, pg be the state prices. Derive two equations that p,, ps satisfy.

(b) Compute py, pq-
(¢) Compute the price of the American put option.

(d) Now suppose that the expiration date 7" is arbitrary. Prove that the put option
price is decreasing in the current stock price Sp.

(e) Prove that the put option price is convex in the current stock price S.

7 Miscellaneous

1. A course (not this course) has two midterms and a final exam. The raw scores are
denoted by My, Ms, F', which can take continuous values between 0 and 100. Since
the raw scores were somewhat disappointing, the (crazy) professor decided to replace
them by

5
M| = —+/M; + 41,

6
M/—lmax M, —7,2M. —LM2 +lM +1M
2_2 1 ) 2 100 2 3 2 6 1,

1 1
F/:1O+4\/maX{M2,F}+§F+6min{M1,F}.

Prove that there exist raw scores (Mj, My, F') that remain unchanged under this
transformation.
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2. Consider an economy with two periods denoted by ¢t = 0,1 (today and tomorrow).
There is a single good at each period. As explained in the lecture, goods are distin-
guished by time, so introducing time does not change the model (at least formally).
The good is perishable, like raw fish, so the good today cannot be transformed into
the good tomorrow.

(a) Let po, p1 be the price of 1 unit of good at each period, so actually p; is the future
price (the amount of money you have to pay today in order to be delivered 1
unit of good tomorrow). Let the interest rate be 100r%. By arguing how much
good you will get tomorrow by reducing the consumption of 1 unit of good today,
express 1 + r as a function of pg and p;.

(b) Suppose that there are two agents, A and B, and the endowment of each agent
is e = e = (ep,e1). (So A and B go fishing and fish ey at t = 0 and e; at
t = 1.) Each agent has the utility function

u (o, 11) = (1 = ) log o + 3" log z1,
u® (20, 21) = (1 — BP)logay + B2 log z1.
Let the price be pg = 1 and p; = p. Compute the demand of agent A, given the
price p.
(¢) Compute the equilibrium price and interest rate.

(d) Assume 4 > BP. Which agent is saving? Which agent is borrowing?

3. Consider an economy with two goods and two agents. The utility functions are

1
U1($17$2)=$1——7
213
Uy(an,29) = ——— +
T1,X9) = ———= + To.
2 1,42 21_% 2

The endowments are e; = e = (e, €), where e > 0. Assume that agent 1 can consume
good 1 in negative amounts, and agent 2 can consume good 2 in negative amounts.

(a) Let the prices be p; = 1 and ps = p. Compute the demand of agent 1.
(b) Let z1(p) be the aggregate excess demand of good 1. Compute z;(p).
(c) Show that z;(1) = 0 and z;(c0) = oc.
(d)

)

(e) Show that this economy has more than one equilibria if 0 < e < 3.

Compute z|(1).

4. Consider an economy with [/ agents and L basic goods labeled by [ = 1,...,L.
Suppose that there is another good, labeled 0, which is a public good. (A public good
is non-excludable, i.e., the consumption of one agent does not reduce the availability of
that good to other agents. Therefore all agents consume the same amount of good 0,
which equals aggregate supply in equilibrium.) Suppose that there are no endowments
of good 0, which is produced from other goods [ = 1,..., L using some technology
represented by a production function y = f(xy,...,xr). It is well known that the
presence of a public good may make the economy inefficient. Let u;(xo, z1,...,2r)
be the utility function of agent ¢, assumed to be locally nonsatiated.
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(a)

Show that by quoting an individual-specific price for the public good, we can
make the competitive equilibrium allocation efficient. (Hint: expand the set of
goods, and consider an economy with L + I goods labeled by [ = 1,...,L +
I. Goods | = 1,...,L are the L basic goods, and good L + 7 is the public
good consumed by agent 7. Make sure to discuss how we should reinterpret the
production technology and market clearing conditions.)

Suppose that there are two agents (i = 1,2), one basic good, and a public good.
Agent i has utility function

u;i(zo, 1) = oy log zg + (1 — ay) log x4,

where xg, x1 are consumption of the public good and the basic good. Let e; be
the initial endowment of agent ¢’s basic good, and suppose there is a technology
that converts the basic good to the public good one-for-one. Normalize the price
of the basic good to be 1. Find individual-specific prices for the public good to
make the competitive equilibrium allocation efficient.

5. Consider an economy consisting of two agents, ¢ = A, B, and two goods, | = 1,2.
The initial endowments are e4 = a = (a1, a2) > 0, eg = b = (b1, bs) > 0, and agents
have Cobb-Douglas utility functions

Ua(x1,22) = alogzy + (1 — «)log x4,
Up(x1,72) = Blogzy + (1 — 3)log xs,

where «, 5 € (0,1). Below, normalize the price of good 2 to be p; = 1 and set p; = p.

(a)

(b)
(c)
(d)
(e)

6. (a)
(b)

Let w = pa; + ay be the wealth of agent A. Write down the Lagrangian of the
utility maximization problem.

Derive the first-order conditions.
Express the demand of agent A using only «, a1, as, p.
Compute the equilibrium price.

Show that if either (i) the supply of good 1 decreases (a; or by goes down), (ii)
the supply of good 2 increases (ap or by goes up), or (iii) agents like good 1 more
(v or B goes up), then the price of good 1 increases.

f"(z)

f'(z)”

Consider an economy with two goods that can be consumed in any amounts
(positive or negative), and suppose that an agent has endowment e = (a, b) and
an additively separable utility function

Let f(z) = —%e‘”, where v > 0. Compute —

U(z,y) = u(z) + v(y),

where v’ > 0, v” < 0, and similarly for v. Let p; = p and p, = 1 be prices. Show
that the agent’s demand (x,y) satisfies

W' (x) — pv'(pa+b — px) = 0.
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(¢) Regard z, the demand for good 1, as a function of the price p. Show that

Oz _v'(y) +pv"(y)(a — x)
p u’(z) + p*v”(y)

where y = pa + b — pzx.
(d) Show that
dr _ 1—pp(y)la—1)
O pr(r) + ()’

U” (x)
()

(e) Suppose that there are I agents indexed by i = 1,...,I. Agent i’s endowment
is e; = (a4, b;) and the utility function is

where 7, (z) = — and similarly for v.

Ui(SC, y) = —l (aie*’yim + (1 — C(i)eifyiy) R

)

where v; > 0 and 0 < a; < 1. Let x; be agent ¢’s demand for good 1. Show that

= — a; — X;).
p Yip(l+p) 1+p

(f) Let z1(p) = Zi[:l(xi — a;) be the aggregate excess demand for good 1. Show
that if p is an equilibrium price, then 2] (p) < 0.

(g) Show that the equilibrium is unique.

7. Consider an Arrow-Debreu economy with two agents denoted by ¢ = A, B and S
states denoted by s = 1,...,5. Let my > 0 be the objective probability of state s,
where Zle ms = 1. Let e;s > 0 be agent ¢’s initial endowment of good s. Suppose
that the utility functions are given by

s
Ua(z) = Z msu(xs),

s
UB(:E) - Zﬂ-sxsa
s=1
where v > 0, v” < 0, ¥/(0) = oo, and u/(00) = 0. What is the most you can say
about equilibrium prices and allocations?

8. Consider an Arrow-Debreu economy with two agents indexed by ¢ = 1,2. Suppose
that the utility functions are

Ui(x1,22) = alogzy + (1 — a)log x4,

Us(x1, x2) = min{zy, 2},

where 0 < a < 1 is a preference parameter. Let agent ¢’s initial endowment be
(€i1,€i2). Let py =1 and py = p be the prices.

(a) Compute each agent’s demand for good 1, given p.
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(b) Derive a necessary and sufficient condition such that p is an equilibrium price
for some e;5 > 0.

(c) Show that when agent 1 likes good 1 more (« increases), the relative price of
good 1, which is 1/p, increases (so p decreases).

9. Consider the following general equilibrium model. There are three time periods
indexed by t = 0,1,2. There is a continuum of ex ante identical agents, where the
population is normalized to 1. At ¢t = 0, agents are endowed with e > 0 units of
consumption good. At t = 0, agents can invest goods in two technologies. One unit
of investment in technology 1 yields 1 unit of good at ¢ = 1. One unit of investment
in technology 2 yields R > 0 units of good at ¢ = 2. Agents get utility only from
consumption at t = 1,2. At the beginning of ¢ = 1, agents get “liquidity shocks”,
and with probability m; > 0, their utility function becomes

Ui(x1,22) = (1 — B;) log z1 + f; log x,

where f3; € (0,1) is the discount factor of type ¢ and Zfil m; = 1. Without loss of
generality, assume

pr<--- < B,

so a type with a smaller index is more impatient. Suppose that the ex ante utility is

I
U((xila Izs)z) = Z WiaiUi<17i17 331‘2)7
i=1

where a; > 0 is the weight on type ¢ such that
ap > > o,

so agents care about emergencies in the sense that they put more utility weight on
the impatient type. Note that we assume the law of large numbers, so at t = 1,
exactly fraction m; > 0 of agents are of type i. After observing their patience type
at t = 1, agents can trade consumption for ¢t = 1,2 at a competitive (Arrow-Debreu)
market.

(a) In general, let f, g be strictly increasing functions and X be a random variable.
Prove the Chebyshev inequality

E[f(X)g(X)] = E[f(X)|E[g(X)],

with equality if and only if X is constant almost surely.
(Hint: let X’ be an i.i.d. copy of X and consider the expectation of the quantity
(f(X) = FX))(9(X) — g(X")) = 0.)

(b) Noting that agents are ex ante identical, at ¢ = 0 they will all make the same
investment decision. let = € (0, ¢e) be the amount of investment in technology 1
and let (e1,e5) = (x, R(e — z)) be the vector of t = 1,2 endowments conditional
on z. Let (p1,p2) = (1,p) be the price of consumption at ¢ = 1,2. Compute

type ¢’s demand for the t = 1,2 goods using p, ey, 5.

(c) For notational simplicity, let 3 = Zle m;3; be the average discount factor.

Conditional on x, compute the equilibrium price p.
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10.

11.

(d) Let V(z,p) = max U((x;1, z:2);) be the agents’ maximized utility conditional on
short-term investment x and price p. Noting that agents choose x optimally
given p, compute the equilibrium short-term investment x*.

(e) Suppose that the government can force the agents to choose a particular z,
without interfering in the subsequent consumption markets at ¢t = 1,2. Let p(x)
be the price of t = 2 consumption conditional on x derived above. Prove that

V)| >0

r=x*

so welfare locally increases if the government forces the agents to invest more in
the short-term investment technology.

Consider an economy with two goods and two agents ¢ = A, B. Both agents have
utility function
u(zy, xe) = min {xy, x2} .

The endowments are e4 = (1,a) and eg = (1,b), where a,b > 0. Below, normalize
prices such that p; + ps, = 1.

(a) What is the name of this utility function?
(b

) Does this economy necessarily have an equilibrium? Explain.
(c) If an equilibrium exists, is it necessarily Pareto efficient? Explain.
)

Compute all possible equilibrium prices (if they exist) and construct an equilib-
rium allocation for each price.

(e) Suppose a +b =2, a > 1, and p; € (0,1). Show that if agent A destroys a
small enough amount of endowment of good 2, he becomes strictly better off in
equilibrium. Is this strange?

During the COVID-19 pandemic, after a brief (but severe) stock market crash in
March 2020, the stock market recovered and recorded all-time highs towards the end
of 2020, despite being in a recession. This problem presents a simple explanation.

Consider a general equilibrium model with two agents denoted by ¢ = 1,2 and two
dates denoted by t = 0,1. There is a single perishable good (apple) at each date.
Agent ¢ has utility function

ui(xo, 1) = (1 — B;) log xo + f; log 21,

where §; € (0,1) is agent ’s discount factor. Let e = (eg,e1) be the aggregate
endowment. Suppose that agent 1’s endowment is ce and agent 2’s endowment is
(1 — a)e, where a € (0, 1) is the wealth share of agent 1. Normalize prices such that
po = 1 and p; = p. Note that pg = 1 is the spot price of the apple, and p; = p is the
price of an apple future contract, which can be thought of as the stock market index.

(a) Let B(a) = fra + Ba(l — ) be the average discount factor. Compute the
equilibrium price p using eg, €1, and 5(«).

(b) Suppose that agents 1 and 2 are the “highly educated” and “poorly educated”.
More specifically, agent 1 is more patient than agent 2, so 5, > (5. Further-
more, agent 1 can work remotely during a pandemic while agent 2 cannot, so
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12.

13.

a pandemic effectively transfers wealth from agent 2 to 1 (« increases). By
proving that p is strictly increasing in both « and ej, show that a stock market
boom (p 1) during a recession (eg J.) is possible if the wealth share « of agent 1
exogenously increases during the recession.

In applications of general equilibrium to international trade, we have learned that
(under some assumptions) free trade is weakly Pareto improving after appropriate
taxes and subsidies. This question asks you to show that we can often make a strict
Pareto improvement.

Consider a single agent utility maximization problem. The utility function u : R% —
R is continuously differentiable and satisfies Vu > 0. The initial endowment is e > 0.
Suppose that the initial endowment e solves the utility maximization problem at the
price vector p > 0.

(a) Show that there exists A > 0 such that Vu(e) = Ap and that p > 0.

(b) Fix a vector d € RY and consider the consumption bundle e(t) := e + td, where
t > 0. Show that if p-d > 0 and ¢ > 0 is small enough, then u(e(t)) > u(e).

(c) Let ¢ > 0 be any price vector that is not collinear with p. Prove that the
maximum utility of the utility maximization problem under ¢ is higher than

u(e).

In the lectures, we only considered general equilibrium models with complete markets
(all goods are traded). However, in reality not all goods are traded (incomplete
markets). This problem is an introduction to general equilibrium with incomplete
markets (GEIL).

Suppose there is a single perishable good (apple), two dates denoted by ¢ = 0, 1, and
S states at t = 1 denoted by s = 1,...,S. At t = 0, there are only two markets (not
1+ 5), the spot market for apples and the asset (apple tree) market. One share of
the asset has payoff vector A = (Ay,...,As) > 0 at t = 1. Normalize the spot price
of the apple to pg = 1. Let ¢ > 0 be the price of one share of the asset.

(a) Consider an agent with utility function

S
U(ZE) = (1 - B) log zo + 3 Z s log @,
s=1
where * = (xg,21,...,2g) is consumption, S € (0,1) is the discount factor,
ms > 0 is the subjective probability of state s, and Zsszl ms = 1. Suppose
the agent’s initial endowment of apples is e = (e, 0, ...,0) (endowed with only

apples today) and the agent is endowed with n shares of the asset. Letting y be
the asset demand, the agent’s budget constraint is

t=0: o+ qy < ey + qn = w,
t=1: s < Agy, (s=1,...,9).
Solve the utility maximization problem.

(b) Now suppose that the economy consists of agents indexed by i = 1,...,I. Agent
¢ has utility function

S
ui(x) = (1 — B;) log o + f; st log x,

s=1
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where f3; € (0,1) is the discount factor and ;s > 0 is the subjective probability
of state s with Zsszl mis = 1. Suppose that agent ¢’s endowment of apples is
e; = (€0,0,...,0) and the endowment of asset shares is n; > 0. Under what
conditions is the equilibrium Pareto efficient?

14. Consider the standard two-period overlapping generations (OLG) model. Time is
denoted by t = 0,1,.... At each time ¢, a new agent is born, who lives for two
periods. The utility function of an agent born at time ¢ is

U(yt,ztﬂ) = (1 - 5) log y; + (log 2441,

where (yy, 2441) i consumption when young and old. At t = 0, there is also an old
agent who only cares about their consumption zj.

For any t, the endowments are a when young and b when old. There is also an
intrinsically useless asset (like piece of paper or gold), which is in unit supply, perfectly
durable, and initially owned by the old at ¢ = 0.

The budget constraint of an agent born at time ¢ is therefore

Young: yi + Py = a,
Old Zt41 = b + Pt—i—lxt’

where (yy, 2z¢41) is consumption when young and old, x; is asset holdings, and P; is
the price of the asset.

Obviously, because the initial old exit the economy and are endowed with one share
of the asset, the budget constraint is

Z():b+P0.

(a) Write a single budget constraint of an agent born at time ¢ by eliminating z;.

(b) Solve the utility maximization problem of an agent born at time ¢ (by applying
a relevant mathematical theorem and without omitting steps). Make sure to
treat the cases P, = 0 and P; > 0 separately.

(c) Define a competitive equilibrium.

(d) From now on, let us focus on an equilibrium with P, > 0 for all ¢ (if it exists).
Noting that the asset must be held by someone, and that the old exit the econ-
omy, in equilibrium it must be x; = 1. Using this, derive an equation involving
only P, and P,.

(e) Define r, = 1/P,. Show that the above equation reduces to a linear difference
equation in r;. Derive a necessary and sufficient condition on model parameters
such that there exists a solution with r, > 0 for all ¢, and hence an equilibrium
with P, > 0 exists.

(f) As you can see from the previous question, there can be many equilibria. Con-
sider any two equilibria denoted by F; and E5. What is the definition that Fs
Pareto dominates ;7

(g) In this model, can you Pareto-rank equilibria?
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15. Consider Tirole (1985)’s overlapping generations model discussed in class. Time is
indexed by t = 0,1,.... The initial old is endowed with Ky > 0 units of capital. At
each date t, a new generation is born, who lives for two periods. The young have
1 unit of labor endowment, whereas the old have no labor endowment. The utility
function of generation ¢ is Cobb-Douglas,

U(yt, z41) = (1 — B) log y¢ + flog 2441,

where (yy, z;11) is consumption when young and old. There is a firm that produces
outputs using the production function

F(K,L)=AK*L'"™® + (1 - 0K,

where A > 0 is productivity, a € (0,1) is the capital share, 6 € [0, 1] is the capital
depreciation rate, and (K, L) is capital and labor inputs.

(a)

(5 points) Suppressing the time subscript, the firm seeks to maximize the profit
F(K,L)—wL— RK,

where w > 0 is the wage and R > 0 is the rent (gross return on capital). Solve
the profit maximization problem, and using the labor market clearing condition
L =1, express w, R using only K.

(5 points) Let Ry be the gross return on capital between time ¢ and t + 1.
Generation t’s optimization problem is therefore

maximize (1 —5)logy, + Blog 241
subject to Zer1 = Repr(wr — ye),

where w; is the wage at time ¢. Solve this optimization problem and express y;
using only wy, Ryiq.

(5 points) Suppose that capital is the only store of value (means of savings).
Derive the difference equation that { K} satisfies, and prove that for any Ky > 0,
there exists a unique equilibrium and that {K;} is convergent. Compute the
steady state gross risk-free rate denoted by Ry.

(5 points) We next consider the possibility of using an intrinsically useless asset
(pure bubble) as a store of value. Let the supply of the bubble asset be 1, which
is initially held by the old. For simplicity, we focus on the steady state, and let
K, P be the capital stock and asset price. If P > 0, show that the gross return
on capital must be R = 1.

(5 points) Show that in a steady state with P > 0, it must be
K+ P=pA(1—-a)K".
Using R = 1, compute the steady state K, P.

(5 points) Derive a necessary and sufficient condition such that a steady state
with P > 0 exists.

(5 points) Consider parameter specifications such that a steady state with P > 0
exists. Show that the equilibrium in Part is Pareto inefficient. (Hint: Take
T > 0 large enough, and for each ¢ > T', suppose the young at time ¢ gives € > 0
of the good to the old at time ¢ without changing anything else. Show that this
transfer scheme is feasible and Pareto improving if € > 0 is small enough.
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