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Abstract

Skeptics of rational land or housing bubbles have claimed that bubbles
do not exist on the basis of the supposed stationarity in the rent yield
(rent to price ratio), as a bubble implies a vanishing rent yield. To counter
this claim, we present a simple model in which the housing rent yield is
constant but a land bubble inevitably emerges nevertheless. The confusion
arises from not distinguishing the rent on the housing structure from the

pure land rent.
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1 Introduction

Until around 2023, the large literature on rational bubbles (a situation in which
the asset price exceeds its fundamental value defined by the present value of divi-
dends in a rational equilibrium model) has been mostly restricted to the analysis
of pure bubbles, meaning that an intrinsically worthless asset like fiat money is

traded at a positive price.! However, as Hirano and Toda (2024, §4.7) argue, pure
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1See Martin and Ventura (2018) and Hirano and Toda (2024) for reviews of the rational
bubble literature. Examples of rational bubbles on dividend-paying assets include Wilson (1981,

§7), Tirole (1985, Proposition 1(c)), Olivier (2000), Allen et al. (2017, §2), and Bosi et al. (2018)
as well as their related papers. Pham and Toda (2025) point out that the original analysis in
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bubble models have some limitations including lack of realism, equilibrium inde-
terminacy, and the inability to connect to the econometric literature that uses the
price-dividend ratio. These limitations have prompted skepticism against rational
bubble models.

Once we consider bubbles attached to dividend-paying assets, the theoreti-
cal implications fundamentally change. Since 2023, Tomohiro Hirano and I have
discussed elsewhere (Hirano and Toda, 2023, 2024, 2025a,c) that under some con-
ditions, rational bubbles on dividend-paying assets inevitably emerge (bubble ne-
cessity) whenever the dividend growth rate exceeds the natural interest rate (the
interest rate that prevails without the asset). In these models, an implication of
bubbles is that the dividend yield (dividend to price ratio) vanishes over time.
Some people argue that this is counterfactual because the rent to price ratio is
supposed to be stationary.?

The purpose of this paper is to counter the claim of some empirical researchers
who dismiss the existence of rational bubbles in land or housing just on the basis
of the supposed stationarity in the price-rent ratio. We present a simple (minimal)
model in which a land bubble necessarily arises, even though housing rent to price
ratio is stationary (in fact, constant). The key is that we need to distinguish
rents accruing to the housing structure and land. It could be the case that the
housing rent consists mostly of the rent on housing structure. We cannot exclude

the possibility of a land bubble without separating the pure land rent.

2 Model

Consider a two-period overlapping generations model with two commodities, con-

sumption good and housing service.

Preferences and endowments The utility function of generation ¢ is Cobb-

Douglas,
Ul(cl,cl iy, he) = Bylogcf + By log¢f,y + Brlog hy, (1)

Tirole (1985) was incorrect. Olivier (2000) considers a model in which the law of one price is
violated (assets with identical payoffs but different vintages are traded at different prices). The
example in Allen et al. (2017) is essentially the same as Wilson (1981).

2For instance, an anonymous reviewer of one of my papers (not this paper) claimed “[In the
model] price-to-rent ratios are non-stationary and grow without bound. This seems patently at
odds with data”, although without presenting any evidence. Hirano and Toda (2025¢, Fig. 1)
present evidence of declining land share and Bécker-Peral et al. (2025, Fig. 1) present evidence
of declining housing yield.



where ¢/, ¢},, are consumption when young and old, h; is housing service, and
Bys Bos Br > 0 are parameters with g, + 5, + §, = 1. The interpretation of (1)
is that agents consume housing only when transitioning from young to old. This
assumption is not essential but is convenient for reducing the dimension of the
equilibrium system. At time ¢, the young are endowed with e; > 0 units of the
consumption good and the old none. There is a unit supply of land initially owned

by the old, which is durable and non-reproducible.

Technology There is a representative firm that produces housing structure us-
ing construction material denoted by M > 0 and land denoted by X > 0. Let
F(M, X) be the production function of housing. For simplicity, assume that con-
struction material is the same as the consumption good (whose price is normal-
ized to 1) and housing is perishable and fully depreciates between periods. (It is
straightforward to introduce partial depreciation of housing structure.) At time ¢,
let 7, be the price of housing (housing rent), P, the land price, and D, the dividend

of land (land rent). The firm’s problem is to maximize the profit
rF (M, X)— M — D X. (2)

We impose the following conditions.

Assumption 1. The production function F : R%, — (0,00) is (i) homogeneous
of degree 1, (ii) continuously differentiable with Fyy > 0, Fx > 0, (iii) concave,

Conditions (i)—(iii) imply that F' is a standard neoclassical production func-
tion. Condition (iv) is a sort of Inada condition. There are many functions
satisfying Assumption 1, for instance the constant elasticity of substitution (CES)

production function

A(aM=V7 + (1— a)X17V7) 57 if0 <o £1,

F(M,X) = .
AMeX1-« if o =1,

(3)

where ¢ > 0 is the elasticity of substitution between the construction material

and land and A > 0, a € (0, 1) are parameters.

Budget constraints Letting x; be the demand for land by the young, gen-

eration t’s problem is to maximize utility (1) subject to the budget constraints



Young;: ¢l + Pxy +rihy = ey, (4a)
Old: C?+1 = (Pt+1 -+ Dt+1)xt. (4b)

Thus, the young spend income on consumption, housing rent, and land purchase,
while the old finance their consumption by selling land and receiving dividends.

Letting
_ Py + Diyy (5)
P,

be the implied gross risk-free rate, we may combine the two budget constraints

Rtl

(4) into one as

CO
cl + Ertl + rihy = e (6)

Equilibrium The definition of an equilibrium is standard.

Definition 1. A rational expectations equilibrium consists of sequences of prices
{(ry, P, Dy) Y2, and quantities {(cf, ¢, hy, e, My, X¢)},~, such that for each ¢,
(i) (Utility maximization) Generation ¢ maximizes utility (1) subject to the bud-
get constraints (4); (ii) (Profit maximization) the firm maximizes the profit (2);
(iii) (Commodity market clearing) ¢ +c§+ M, = e; (iv) (Housing market clearing)

hy = F(M,;, X;); and (v) (Land market clearing) z;, = 1 = X.

3 Equilibrium land price

We solve for the equilibrium. Because the utility function (1) is Cobb-Douglas,
maximizing it subject to the combined budget constraint (6) yields the optimal

expenditures
(cf, C§+1/Rt7 rihe) = (Byer, Boet, Brer). (7)

Using the budget constraint of the young (4a) and the land market clearing con-

dition x; = 1, we obtain the land price
Py = Piry = Boey. (8)

The following proposition is an immediate implication of these derivations.

Proposition 1. Aggregate rent to price ratio is constant at rihy/ P, = B/ B,.



Profit maximization and land market clearing X; = 1 imply

1= 7ntFM(Z\%fa 1)7 (9&)
Dt = T’tFX(Mt, 1) (9b)

Using the expenditure formula (7), (9a), and housing market clearing hy = F'(M;, 1),

we obtain the equilibrium condition

Buer = BrecFy (M, 1) <— Fi(Mt, 1) = Bres. (10)

Tt M

F(Mt,l) - ht -

Using the homogeneity of F', we may rewrite the function F'/F); in (10) as

F MFy + Fx

Fx
P 1) = (M,1) = M + (M, 1). (11)

FM M

The homogeneity and concavity of F' implies F'y / F); is increasing in M. Hence, by
(11) and Assumption 1(iv), the function M +— (F/Fy)(M, 1) is strictly increasing
and has range (0,00). Consequently, for any e; > 0, there exists a unique M; > 0
satisfying (10).

Finally, we check commodity market clearing. Using the budget constraint of
the old (4b) with x; = 1, we obtain

&+ + My =c) + (P + Dy) + M. (12)
Noting that F is homogeneous of degree 1 and using (9), we obtain
he = F(M,, 1) = Fag(My, V)M, + Fx (M, 1) = %(Mt + D). (13)
Combining (7), (8), (12), and (13), we obtain

Cty+C§+Mt:C?+Pt+’r‘tht
= Byer + Boer + Brer = ey,
so the commodity market clears. We thus obtain the following proposition.

Proposition 2. There ezists a unique equilibrium, which is characterized by (7)—

(10). There is a land bubble if and only if

ooFX
—M 14
> (Mi,1) < o0, (14)

t=1



where My, uniquely solves (10).

We refer the reader to Hirano and Toda (2024, §2) and Hirano and Toda
(2025b) for the formal definition of rational bubbles.
For instance, suppose F' is the CES production function (3). Following the

empirical evidence, set o > 1.% A straightforward calculation shows

Fy aM~1e .

F 7 M= aM'=r 41—« ~ M (15)
FX 1—a 11—« 1/o—1

F F ML = oM +1—a a M (15)

as M — oo. Therefore we obtain the following characterization of land bubbles.

Proposition 3. If the production function takes the CES form (3) with elasticity
of substitution o > 1, there is a land bubble if and only if

o0

262/0_1 < 00. (16)

t=1

If the economy grows at rate G > 1, so ¢; ~ G*, then (16) is satisfied. There-
fore, land bubbles inevitably emerge with economic growth. As Proposition 1
shows, if one is not careful and does not distinguish housing rent (price of hous-
ing service) from land rent (price of land use), one may incorrectly conclude that
bubbles do not exist. More empirical work is necessary to determine the existence

or nonexistence of land bubbles.

A Proofs

A.1 Proof of Proposition 2

It suffices to show that (14) is necessary and sufficient for a land bubble. Using
(9), the land dividend is given by D, = (Fx/Fy)(My,1). Using (8) and (10), the
dividend yield is given by

Pt FM 60 BO

3Epple, Gordon, and Sieg (2010) find that the elasticity of substitution between land and
non-land factors for producing housing is 1.16 for residential properties and 1.39 for commercial
properties in Allegheny County, Pennsylvania. Ahlfeldt and McMillen (2018) argue that the
estimation approach of Epple et al. (2010) is less susceptible to measurement error than older
estimates, which are likely biased downwards. They find that the elasticity of substitution is
around 1.25 for Chicago.

- (M, 1) = === (M, 1).




The claim follows from the Bubble Characterization Lemma (Proposition 7 of
Montrucchio (2004) or Lemma 1 of Hirano and Toda (2025a)): see Lemma B.1.
O

A.2 Proof of Proposition 3

We first show sufficiency. If (16) holds, since o > 1, we must have e; — oo as
t — oo. Using (10) and (15a), it follows that M; — co. For any € € (0,1), we can
take M (e) > 0 such that M > M (e) implies

aMl—l/a
oMo 11 —a © (1=el).
Specifically, we may set
1—a)(1—a)]T7
M(e) = [M] ‘ (17)
€
Take T > 0 such that M; > M(e) for t > T. Then (10) and (9a) imply
M, F MYl
L= M (M 1) = e(l—e1) (18)
Bnet F aM, " +1—«

for t > T. By (15b), we obtain

FX 1l -«

l—«
F< t7)_

MM < (1= €)Brel] /7,

(07

which is summable by (16). Therefore there is a land bubble by Proposition 2.
We next show necessity. If there is a land bubble, by Proposition 2, (14) holds.
Using (15b) and o > 1, it must be M; — oo as t — oo. Take € € (0,1) and let
M (€) be as in (17). Take T' > 0 such that M; > M(e) for t > T'. Then (15b) and
(18) imply
F 1 -« aM! e o
%(Mtv 1) = a 1,1/:57 Mtl/ !
alM, +1—-a
-«

_ 1—
(L= M7 > == (1= ) (Bher) /!

>

for ¢ > T". Summing over ¢ and using (14), we obtain (16). O
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Online Appendix (Not for publication)

B Fundamental results on asset price bubbles

This appendix reviews the fundamental results on asset price bubbles (Santos and
Woodford, 1997; Hirano and Toda, 2024, 2025a,b).

Consider a deterministic infinite-horizon economy with time indexed by ¢t =
0,1,.... Let ¢ > 0 be the date-0 price (Arrow-Debreu price) of the date-t good
with normalization ¢y = 1. Suppose an asset pays dividend D, and trades at price

P, > 0 at time t. The absence of arbitrage implies

@P: = ¢41(Piy1 + Disa).

Iterating over t, for any T' > t we obtain

T
@Pi =Y ¢.Ds+qrPr. (19)

s=t+1

Since ¢, > 0, P, > 0, and D, > 0 for all ¢, the partial sum {Zf{:tﬂ C]st} is
increasing in T" and bounded above by ¢; P;, so it is convergent. Therefore, letting
T — oo in (19) and dividing both sides by ¢; > 0, we obtain

1 & 1
P =— qsDs + — lim qrPr, 20
=g 2 @Dt Jim arPr (20)
where
1 oo
V;f = q_ Z qus (21)
t

s=t+1
is the fundamental value (present discounted value of dividends). Comparing (20)
and (21), we have P, > V; for all t. We say that the asset price contains a bubble
at time ¢ if P, > V;, or in other words, the asset price P, exceeds its fundamental
value V; defined by the present value of dividends. Note that P, =V, for all t if
and only if

lim grPr = 0. (22)

We refer to (22) as the no-bubble condition.
The following Bubble Characterization Lemma plays a fundamental role in

determining the existence of bubbles.

10



Lemma B.1 (Bubble Characterization, Montrucchio, 2004, Proposition 7). In

any equilibrium, the asset price exhibits a bubble if and only if

> % < 0. (23)

See Hirano and Toda (2025a, Lemma 1) for a simple proof of Lemma B.1.
Lemma B.1 states that a bubble emerges if and only if the dividend yield D;/P,
converges to zero sufficiently fast or the price-dividend ratio P,/D, grows suffi-

ciently fast.
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