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Housing price and rent

® Connection between housing price and rent is not tight
® Examples:
® Trend in housing price and rent indexes
® Cross-section of housing price and rent
® Upward trend in price-rent ratio in many countries during past
three decades (Amaral et al., 2024; Backer-Peral et al., 2024)
[ ]

In popular press, often referred to as “housing bubble”

Understanding why and how housing bubbles emerge is of
interest because housing booms and bust often associated
with macroeconomic problems (Jorda et al., 2015)
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Rational asset price bubbles

® Bubble: asset price (P) > fundamental value (V)
® V = present value of dividends (D)
® Fundamental difficulty in generating asset price bubbles in real
assets
® Santos and Woodford (1997): bubble impossible if dividends
nonnegligible relative to endowments
® See Hirano and Toda (2024a, JME) for illustration
® Theory of rational asset price bubbles attached to
dividend-paying assets (including housing) largely
underdeveloped
® See Wilson (1981, JET), Hirano and Toda (2024b, JPE)
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Questions

1. How can housing prices be disconnected from fundamentals in
rational general equilibrium model?

2. How is disconnection related to economic conditions (e.g.,
income, credit) and expectation formation?

3. What are efficiency properties of equilibria with housing?
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This paper

® Theoretically study equilibrium housing price in plain-vanilla
OLG model with housing

® Main results
1. Two-stage phase transition: as income share of home buyers T,
equilibrium regime transitions

fundamental equilibrium (P = V) only
—coexistence of fundamental & bubbly eq. (bubble possibility)
—bubbly equilibrium (P > V) only (bubble necessity)
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This paper

® Theoretically study equilibrium housing price in plain-vanilla
OLG model with housing

® Main results
1. Two-stage phase transition: as income share of home buyers T,
equilibrium regime transitions

fundamental equilibrium (P = V) only
—coexistence of fundamental & bubbly eq. (bubble possibility)
—bubbly equilibrium (P > V) only (bubble necessity)

2. Expectation- or credit-driven housing bubbles: if home buyers
expect high future income or access to credit, housing bubbles
emerge
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This paper

® Theoretically study equilibrium housing price in plain-vanilla
OLG model with housing
® Main results

1. Two-stage phase transition: as income share of home buyers T,
equilibrium regime transitions

fundamental equilibrium (P = V) only
—coexistence of fundamental & bubbly eq. (bubble possibility)
—bubbly equilibrium (P > V) only (bubble necessity)

2. Expectation- or credit-driven housing bubbles: if home buyers
expect high future income or access to credit, housing bubbles
emerge

3. Welfare analysis: in bubble possibility regime, fundamental
equilibria inefficient (overturn McCallum (1987))
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Related literature

Housing: Piazzesi and Schneider (2016)
Monetary/bubble theory: Samuelson (1958), Bewley (1980),
Tirole (1985)

Housing as pure bubble: Kocherlakota (2009, 2013), Arce and
Lépez-Salido (2011), Chen and Wen (2017), Graczyk and
Phan (2021), etc.

® Unlike these papers, rent > 0, equilibrium determinate

Bubble Necessity: Hirano and Toda (2024b)
® Unlike this paper, dividend (rent) endogenous
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Model

Time: t =0,1,...

Two period overlapping generations (OLG) model (young &
old) with two goods (consumption & housing service)
Utility U(c{, ¢+, ht), where ¢/ young consumption, c?, ;:
old consumption, h;: housing service

Endowment of consumption good: &/ > 0 for young, €2 > 0
for old

Housing stock in unit supply, initially owned by old; housing
stock produces housing service every period
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Model

Time: t =0,1,...

Two period overlapping generations (OLG) model (young &
old) with two goods (consumption & housing service)
Utility U(c{, ¢+, ht), where ¢/ young consumption, c?, ;:
old consumption, h;: housing service

Endowment of consumption good: &/ > 0 for young, €2 > 0
for old

Housing stock in unit supply, initially owned by old; housing
stock produces housing service every period

® Think of consumption good as apple, housing service as
banana, and housing stock as banana tree
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Markets

Perfect commodity, housing, and rental markets

Budget constraints:

Young: ¢ + Pexe + rehy < €
Old: Cto+1 < ef+1—|—(Pt+1+rt+1)xt,

where x;: housing stock, P;: housing price, r;: housing rent

Gross risk-free rate Ry = (Pey1 + re41)/ P

Can combine budget constraint as
o

C
¢/ + ;;1+rtht§e{+

o
€rt1
R:
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Equilibrium

® As usual, equilibrium defined by
® optimization
® market clearing

Definition
Rational expectations equilibrium consists of prices {(P, r¢)}re g
and allocations {(c/, c?, hfvxt)}zo such that for each t,

1. (Individual optimization) Young maximize utility
U(c!, c? 1, ht) subject to budget constraints,

N

. (Commodity market clearing) ¢! + cf = e + €2,

w

Rental market clearing) h; = 1,

- (
. (Housing market clearing) x; = 1

~
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Equilibrium characterization

Let S; = P; + r: be housing expenditure
Market clearing implies x; = h; = 1 and hence ¢} = e} — S,
Clp1 = efp1 + St
For simplicity, write (¢, c®) = (y, z); first-order conditions
imply 1/R; = U, /U, and r; = U/ U,
Combining these with Ry = S;11/P; yields
:;t471 L/Z - f;ttly - L/h
Hence equilibrium fully characterized by sequence of housing

expenditure {S;};°, satisfying this difference equation
® Can show existence of equilibrium

13/43



Expectation-driven housing bubbles

Welfare implications Conclusion
0000000 o]

Introduction Model Housing prices in long run

00000 0000 00000
@00 0000000

Definition of bubbles

® Asset dividend Dy > 0, price Pr >0att=0,1,...
e With Arrow-Debreu (date-0) price g; > 0, no-arbitrage implies

qtPt = qe+1(Pe+1 + Des1), so

.
Py = Z q:D; + qTP1 by iteration

t=1
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Definition of bubbles
Asset dividend D; > 0, price P > 0att=0,1,...
With Arrow-Debreu (date-0) price g; > 0, no-arbitrage implies

qtPt = qe+1(Pe+1 + Des1), so

.
Py = Z q:D; + qTP1 by iteration

t=1

Letting T — oo, get

oo
Po= D aD:  + lim qrPr
t=1

bubble component
=:Vp=fundamental value P

If im7_s g7 P7 =0, transversality condition holds and no
bubble; if > 0, bubble
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Bubble Characterization Lemma

Lemma
If P > 0 for all t, asset price exhibits bubble if and only if

Z—<oo

® This is Proposition 7 of Montrucchio (2004)
® Hence bubble if and only if sum of dividend yields finite

® Except pure bubble models (D; = 0), bubbles are
fundamentally nonstationary phenomena: price must grow
faster than dividend
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Bubble Necessity Theorem

e Consider OLG endowment economy with dividend-paying asset

® Let long run dividend growth be G4 := limsup,_, Dtl/f

Lemma (Hirano and Toda, 2024b, Theorem 2)

Suppose that (i) utility function U(y, z) is continuously
differentiable, homothetic, and quasi-concave, and (ii) endowments
satisfy G (e}, ef) — (e1, &) as t — oo, where G > 0, e; > 0,
and e > 0. Let R = (U,/U,)(e1, &) be long run autarky interest
rate. If

R < Gy < G,

then all equilibria are bubbly with asset price P; satisfying
lim inft*)OO Pt/ei/ > 0.
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Assumptions

Assumption (Endowments)

There exist G > 1, e;,ex > 0, and T > 0 such that the
endowments are (e} ,e?) = (e1Gt, e2Gt) fort > T

® Constant income ratio and growth in long run
® Justification of G > 1
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Assumptions

Assumption (Utility)

The utility function takes form

Uy, z, h) = u(c(y, 2)) + v(h),

where
1. composite consumption c(y,z) is homogeneous of degree 1,
quasi-concave (and differentiable, Inada condition)
2. utility of composite consumption is u(c) =
7 €(0,1),
3. utility of housing service satisfies v/ > 0.

1—v
o
T for some
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Justification of v < 1

® Interpretations of ~:
® reciprocal of elasticity of substitution between consumption
and housing service
® elasticity of rent with respect to income
¢ (Empirical)
® Ogaki and Reinhart (1998) find v = 1/1.24 = 0.81 from ES
between durable & non-durable consumption
® Piazzesi et al. (2007) find v =1/1.27 = 0.79 from
cointegration of price & quantity of housing service
® Howard and Liebersohn (2021) find v = 0.79 from
cross-sectional regression
® (Theoretical) v > 1 is pathological
® price/rent — 0 as t — o0
® interest rate — 0o as t — o0
® Young consumption — 0 as t — oo
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Two useful results

Lemma (Backward induction)

For any equilibrium St = {S:};2 1 starting at t = T, there exists
a unique equilibrium So = {S:};, starting at t = 0 that agrees
with St fort > T.
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Two useful results

Lemma (Backward induction)

For any equilibrium St = {S:};- 7 starting at t = T, there exists
a unique equilibrium So = {S:};, starting at t = 0 that agrees
with St fort > T.

e Suffices to study equilibrium behavior near steady state

® Hence without loss of generality assume
(ef,ef) = (e1G?t, e2G?) for all t
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Two useful results

Theorem (Long run rent growth)

In any equilibrium, long run rent growth is

G, = Iimsuprtl/t =G <G.

t—00
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Two useful results

Theorem (Long run rent growth)
In any equilibrium, long run rent growth is

G, = Iimsuprtl/t =G <G.

t—00

Proof.
® Fasy to show G, < G”

e If liminf; o S:/G" = €1, then ry/S; ~ GOt 5o housing
bubble by Bubble Characterization Lemma

® But can also show R; — oo, TVC holds, and no housing
bubble, contradiction

® Hence liminf;_o St/G" < eq, the rest easy ]
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(Non)existence of fundamental equilibria

Let w == ey/e; be old to young income ratio
By previous lemma, rent grows at rate G7 < G

Hence if housing price reflects fundamental value, S; grows at
rate G7 and S; < &

Economy becomes “house-less” in long run and interest rate
becomes

c c c
R = X(c, cPi1) ~ Z(e1Gt G ) = X(1, Gw),
s I c,

If w sufficiently low, Ry < G7, implying infinite fundamental
value, which is impossible in equilibrium
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Welfare implications
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Conclusion
Phase transition of equilibrium housing price regimes
1/w=e/e

(Pathological

rich
Young

Fundamental
l
poor

1/wf

1/wg

o

1 Elasticity of substitution
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Housing price regimes and equilibrium interest rate

Fundamental  Possibility Bubble necessity

Bubbly equilibrium

Fundamental equilibrium

poor < Young — rich

Wy 1/w=e/e
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(Non)existence of fundamental equilibria

Theorem
Let m= V(1) and w = ey /ey.
1. There exists unique w; > 0 satisfying (¢, /c;)(1, Gwf) = G7.
2. If w > wy, there exists fundamental long run equilibrium such
that
GV¢, <7

Gt
¢, —Glc ¢

(cf,c?) ~ (e1G, e2GY), Py ~ me]

to I

c7 c
re ~ me] — G, R~ 2 > G,
¢y C,

where ¢, ¢,, ¢, are evaluated at (y,z) = (1, Gw).

3. If w < wy, there exist no fundamental equilibria, and all
equilibria bubbly with liminf,_ ., G"tP; > 0.

Housing prices in long run Expectation-driven housing bubbles Welfare implications Conclusion
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Discussion of (non)existence

® Existence part (w > wf, so young poor enough) just says we
can construct fundamental equilibrium with intuitive order of
magnitude, so no big deal

® But nonexistence part (w < wyf, so young rich enough) much

stronger: no fundamental equilibria can exist at all, regardless
of long run behavior such as

® convergent,
® cyclic,
® chaotic
® Nonexistence part based on Bubble Necessity Theorem of
Hirano and Toda (2024b, JPE)
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Existence of bubbly equilibrium

® Since economy grows at rate G, if bubbly equilibrium exists,
housing expenditure S; must grow at rate G

® Then R; = St+1/Pt — G
e Define detrended variable s; = S;/(e1 G?)

® Then equilibrium condition is nonlinear difference equation
o v—1 -1t
GSt41C; = S¢Cy, — mey G- c7,

where functions evaluated at
(cf,c21) = (L —st, G(w + se41))
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Existence of bubbly equilibrium

Theorem
Let m= V(1) and w = ey /e;.
1. There exists unique w; > wy satisfying %(1, Gwf) = G. Let

*
* wp—w

st = .
W;—f—l
2. For generic G > 1 and w < wy,, there exists bubbly long run
equilibrium such that
(c,c?) ~ (e1(1 — s*)G", er(w + s*)GY), Py~ e1s* G,

to
v
re ~ me] — G, R: ~ G,
Cy
where c, ¢, are evaluated at (y,z) = (1 — s*, G(w + s¥)).

3. In bubbly equilibrium, there is housing bubble and the
price-rent ratio P;/r: diverges to oo.

Expectation-driven housing bubbles Welfare implications Conclusion
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Numerical example

® Suppose utility is CES, so

cy.z) = {((1 — By 4 B2 if0<o#£1,

yl=PzP ifo=1

®Set=1/2,0=1,v=1/2, m=0.1,and G=1.1
® Then w; = 1; consider (a, b) = (95, 105) (fundamental) or
(a, b) = (105,95) (bubbly)

Conclusion

32/43



Introduction Model Housing prices in long run Expectation-driven housing bubbles ~ Welfare implications Conclusion
o]

00000 0000 00000 O@00000
000 0000000

Fundamental equilibrium dynamics

1()6 | PP Aggregate endowment A
Housing pI'ic
———-Rent

10?

0 20 40 60 80 100
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Bubbly equilibrium dynamics

""""""" Aggregate endowment ]
Housing price

———-Rent

102

20 40 60 80 100

Conclusion

34/43



del Housing prices in long run Expectation-driven housing bubbles ~ Welfare implications Conclusion
0C 00C - 000@000 o oo

Expectation-driven housing bubbles

® Suppose income distribution between young and old changes
between (95, 105) (fundamental) and (105, 95) (bubbly)

® Consider both unexpected change and expected change for 10
periods

® Even if income does not change, access to credit has same
effect (see paper)
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Conclusion
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Conclusion

® Irving Fisher was right to proclaim “prices have reached what
looks like a permanently high plateau”
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Welfare implications

® Housing (and land) is durable non-reproducible asset

® McCallum (1987) showed land restores dynamic efficiency in
(particular) OLG model
® This widely believed result is not true in general
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Welfare implications

® Housing (and land) is durable non-reproducible asset

® McCallum (1987) showed land restores dynamic efficiency in
(particular) OLG model

® This widely believed result is not true in general

Theorem
Let w = e3/e1 and wf, wj be as above.

1. If w > wy, any equilibrium is efficient.
2. If w < wg, any bubbly equilibrium is efficient.

3. If w < wg, any fundamental equilibrium is inefficient.
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°

Welfare implications

® Housing (and land) is durable non-reproducible asset

® McCallum (1987) showed land restores dynamic efficiency in
(particular) OLG model

® This widely believed result is not true in general

Theorem
Let w = e3/e1 and wf, wj be as above.

1. If w > wy, any equilibrium is efficient.
2. If w < wg, any bubbly equilibrium is efficient.

3. If w < wg, any fundamental equilibrium is inefficient.

® McCallum (1987) implicitly assumed steady state growth,
which need not hold

® Hence policymakers have role in guiding equilibrium selection
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Concluding remarks

Theory of housing bubbles remains largely underdeveloped due
to the fundamental difficulty of attaching bubbles to
dividend-paying assets

Presented bare-bones model of housing bubbles with phase
transitions

Welcome generalizations and quantitative & empirical analysis

Some testable implications:
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Testable implications

1. Income (or available funds) of home buyers = bubble
more likely
® Gyourko et al. (2013) document correlation between income
growth and housing appreciation
® Barlevy and Fisher (2021) document correlation between
availability of interest-only mortgage and housing appreciation
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Testable implications

1. Income (or available funds) of home buyers = bubble
more likely
® Gyourko et al. (2013) document correlation between income
growth and housing appreciation
® Barlevy and Fisher (2021) document correlation between
availability of interest-only mortgage and housing appreciation

2. If bubble, both price-rent ratio and price-income ratio increase

® Amaral et al. (2024) show upward trend in price-rent ratio
® Backer-Peral et al. (2024) show downward trend in housing
yield

44/43



References Appendix
000000

References

[ Amaral, F., M. Dohmen, S. Kohl, and M. Schularick (2024).
“Interest Rates and the Spatial Polarization of Housing
Markets". American Economic Review: Insights 6.1, 89-104.
DOI: 10.1257/aeri.20220367.

[4 Arce, O. and D. Lépez-Salido (2011). “Housing Bubbles”.
American Economic Journal: Macroeconomics 3.1, 212-241.
DOI: 10.1257/mac.3.1.212.

[§ Bicker-Peral, V., J. Hazell, and A. Mian (2024). “Dynamics of
the Long Term Housing Yield: Evidence from Natural
Experiments”. URL: https:
//jadhazell.github.io/website/UK_Duration.pdf.

45/43


https://doi.org/10.1257/aeri.20220367
https://doi.org/10.1257/mac.3.1.212
https://jadhazell.github.io/website/UK_Duration.pdf
https://jadhazell.github.io/website/UK_Duration.pdf

References

Appendix
000000

References

[4 Barlevy, G. and J. D. Fisher (2021). “Why Were Interest-only

Mortgages So Popular During the U.S. Housing Boom?”
Review of Economic Dynamics 41, 205-224. DOTI:
10.1016/j.red.2020.09.001.

Bewley, T. (1980). “The Optimum Quantity of Money”. In:
Models of Monetary Economies. Ed. by J. H. Kareken and
N. Wallace. Federal Reserve Bank of Minneapolis, 169-210.
URL: https://researchdatabase.minneapolisfed.org/
collections/tx31gh93v.

Chen, K. and Y. Wen (2017). “The Great Housing Boom of
China”. American Economic Journal: Macroeconomics 9.2,
73-114. por1: 10.1257/mac.20140234.

Graczyk, A. and T. Phan (2021). “Regressive Welfare Effects
of Housing Bubbles". Macroeconomic Dynamics 25.8,
2102-2127. por: 10.1017/51365100519000981.

46/43


https://doi.org/10.1016/j.red.2020.09.001
https://researchdatabase.minneapolisfed.org/collections/tx31qh93v
https://researchdatabase.minneapolisfed.org/collections/tx31qh93v
https://doi.org/10.1257/mac.20140234
https://doi.org/10.1017/S1365100519000981

References

E

[

Appendix
000000

References

Gyourko, J., C. Mayer, and T. Sinai (2013). “Superstar Cities".
American Economic Journal: Economic Policy 5.4, 167-199.
DOI: 10.1257/pol.5.4.167.

Hirano, T. and A. A. Toda (2024a). “Bubble Economics”.
Journal of Mathematical Economics 111, 102944. DOT:
10.1016/3 . jmateco. 2024 .102944.

Hirano, T. and A. A. Toda (2024b). “Bubble Necessity
Theorem" . Journal of Political Economy. DOT:
10.1086/732528.

Howard, G. and J. Liebersohn (2021). “Why Is the Rent So
Darn High? The Role of Growing Demand to Live in
Housing-Supply-Inelastic Cities”. Journal of Urban Economics
124, 103369. pot1: 10.1016/j.jue.2021.103369.

47/43


https://doi.org/10.1257/pol.5.4.167
https://doi.org/10.1016/j.jmateco.2024.102944
https://doi.org/10.1086/732528
https://doi.org/10.1016/j.jue.2021.103369

References

Appendix
000000

References

8 Jorda, O., M. Schularick, and A. M. Taylor (2015). “Leveraged

Bubbles". Journal of Monetary Economics 76, S1-520. DOTI:
10.1016/j . jmoneco.2015.08.005

Kocherlakota, N. R. (2009). “Bursting Bubbles: Consequences
and Cures”. Unpublished manuscript.

Kocherlakota, N. R. (2013). “Two Models of Land
Overvaluation and Their Implications”. In: The Origins,
History, and Future of the Federal Reserve. Ed. by M. D. Bordo
and W. Roberds. Cambridge University Press. Chap. 7,
374-398. por1: 10.1017/CB09781139005166.012.

McCallum, B. T. (1987). “The Optimal Inflation Rate in An
Overlapping-Generations Economy with Land”. In: New
Approaches to Monetary Economics. Ed. by W. A. Barnett and
K. Singleton. Cambridge University Press. Chap. 16, 325-339.
DOI: 10.1017/CB09780511759628.017.

48/43


https://doi.org/10.1016/j.jmoneco.2015.08.005
https://doi.org/10.1017/CBO9781139005166.012
https://doi.org/10.1017/CBO9780511759628.017

References

E

B

Appendix
000000

References

Montrucchio, L. (2004). “Cass Transversality Condition and
Sequential Asset Bubbles'. Economic Theory 24.3, 645-663.
DOI: 10.1007/s00199-004-0502-8.

Ogaki, M. and C. M. Reinhart (1998). “Measuring
Intertemporal Substitution: The Role of Durable Goods".
Journal of Political Economy 106.5, 1078-1098. DOTI:
10.1086/250040.

Piazzesi, M. and M. Schneider (2016). “Housing and
Macroeconomics”. In: Handbook of Macroeconomics. Ed. by
J. B. Taylor and H. Uhlig. Vol. 2. Elsevier. Chap. 19,
1547-1640. por: 10.1016/bs.hesmac.2016.06.003.
Piazzesi, M., M. Schneider, and S. Tuzel (2007). “Housing,
Consumption and Asset Pricing”. Journal of Financial
Economics 83.3, 5631-569. DOI:
10.1016/j . jfineco.2006.01.006

49/43


https://doi.org/10.1007/s00199-004-0502-8
https://doi.org/10.1086/250040
https://doi.org/10.1016/bs.hesmac.2016.06.003
https://doi.org/10.1016/j.jfineco.2006.01.006

References

Appendix
000000

References

[4 Samuelson, P. A. (1958). “An Exact Consumption-Loan Model

of Interest with or without the Social Contrivance of Money" .
Journal of Political Economy 66.6, 467-482. DOI:
10.1086/258100.

Santos, M. S. and M. Woodford (1997). “Rational Asset
Pricing Bubbles". Econometrica 65.1, 19-57. DOT:
10.2307/2171812.

Tirole, J. (1985). “Asset Bubbles and Overlapping
Generations”’. Econometrica 53.6, 1499-1528. DOI:
10.2307/1913232.

Wilson, C. A. (1981). “Equilibrium in Dynamic Models with an
Infinity of Agents”. Journal of Economic Theory 24.1, 95-111.
DOI: 10.1016/0022-0531(81)90066-1.

50/43


https://doi.org/10.1086/258100
https://doi.org/10.2307/2171812
https://doi.org/10.2307/1913232
https://doi.org/10.1016/0022-0531(81)90066-1

References Appendix
@00000

Housing price and rent index
22—

Housing price
9L |=—--Rent

Index

0.8

1980 1990 2000 2010 2020
Year

51/43



References Appendix
0e0000

Housing price and rent in U.S. counties

16 log P = o + Blogr, 2023

Slope = 1.46 (0.032)
9 9.5 10 10.5 11
log(Rent)

10 ‘

52/43



References Appendix
00000

Housing price and rent in U.S. counties
log P = a+ Blogr, 2023

16

15+ - ,

= EI .San Diego

12, .
11 . 1
10 ‘ ‘ Slope = 1.46 (0.032)
9 9.5 10 10.5 11
log(Rent)

53/43



References Appendix
000800

Housing price and rent in U.S. counties
log P = a+ Blogr, 2023

16

Slope = 1.46 (0.032)
9 9.5 10 10.5 11
log(Rent)

10 I I

54/43



References Appendix
0000e0

Expected long term housing yield in U.K.

* Monthly Real-Time Estimates

December
2!

2
T T T T
2000 2005 2010 2015 2020 2025

Figure: Figure 1 of Backer-Peral, Hazell, and Mian (2024)

55/43



References

Normalized size

Housing units and GDP

Appendix
00000e

T

Real GDP

— — —-Housing units

Year

1970 1980 1990 2000 2010

2020

56/43



	Introduction
	

	Model
	
	

	Housing prices in long run
	
	

	Expectation-driven housing bubbles
	Welfare implications
	Conclusion
	Appendix
	References
	Appendix


