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Housing price and rent

• Connection between housing price and rent is not tight
• Examples:

• Trend in housing price and rent indexes Image

• Cross-section of housing price and rent Image

• Upward trend in price-rent ratio in many countries during past
three decades (Amaral et al., 2024; Bäcker-Peral et al., 2024)

Image

• In popular press, often referred to as “housing bubble”

• Understanding why and how housing bubbles emerge is of
interest because housing booms and bust often associated
with macroeconomic problems (Jordà et al., 2015)
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Rational asset price bubbles

• Bubble: asset price (P) > fundamental value (V )
• V = present value of dividends (D)

• Fundamental difficulty in generating asset price bubbles in real
assets
• Santos and Woodford (1997): bubble impossible if dividends

nonnegligible relative to endowments
• See Hirano and Toda (2024a, JME) for illustration

• Theory of rational asset price bubbles attached to
dividend-paying assets (including housing) largely
underdeveloped
• See Wilson (1981, JET), Hirano and Toda (2024b, JPE)
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Questions

1. How can housing prices be disconnected from fundamentals in
rational general equilibrium model?

2. How is disconnection related to economic conditions (e.g.,
income, credit) and expectation formation?

3. What are efficiency properties of equilibria with housing?
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This paper

• Theoretically study equilibrium housing price in plain-vanilla
OLG model with housing
• Main results

1. Two-stage phase transition: as income share of home buyers ↑,
equilibrium regime transitions

fundamental equilibrium (P = V ) only

→coexistence of fundamental & bubbly eq. (bubble possibility)

→bubbly equilibrium (P > V ) only (bubble necessity)

2. Expectation- or credit-driven housing bubbles: if home buyers
expect high future income or access to credit, housing bubbles
emerge

3. Welfare analysis: in bubble possibility regime, fundamental
equilibria inefficient (overturn McCallum (1987))
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Related literature

• Housing: Piazzesi and Schneider (2016)

• Monetary/bubble theory: Samuelson (1958), Bewley (1980),
Tirole (1985)
• Housing as pure bubble: Kocherlakota (2009, 2013), Arce and
López-Salido (2011), Chen and Wen (2017), Graczyk and
Phan (2021), etc.
• Unlike these papers, rent > 0, equilibrium determinate

• Bubble Necessity: Hirano and Toda (2024b)
• Unlike this paper, dividend (rent) endogenous
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Model

• Time: t = 0, 1, . . .

• Two period overlapping generations (OLG) model (young &
old) with two goods (consumption & housing service)

• Utility U(cyt , c
o
t+1, ht), where cyt : young consumption, cot+1:

old consumption, ht : housing service

• Endowment of consumption good: eyt > 0 for young, eot > 0
for old
• Housing stock in unit supply, initially owned by old; housing
stock produces housing service every period

• Think of consumption good as apple, housing service as
banana, and housing stock as banana tree
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Markets

• Perfect commodity, housing, and rental markets

• Budget constraints:

Young: cyt + Ptxt + rtht ≤ eyt ,

Old: cot+1 ≤ eot+1 + (Pt+1 + rt+1)xt ,

where xt : housing stock, Pt : housing price, rt : housing rent

• Gross risk-free rate Rt = (Pt+1 + rt+1)/Pt

• Can combine budget constraint as

cyt +
cot+1

Rt
+ rtht ≤ eyt +

eot+1

Rt
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Equilibrium

• As usual, equilibrium defined by
• optimization
• market clearing

Definition
Rational expectations equilibrium consists of prices {(Pt , rt)}∞t=0

and allocations
{
(cyt , c

o
t , ht , xt)

}∞
t=0

such that for each t,

1. (Individual optimization) Young maximize utility
U(cyt , c

o
t+1, ht) subject to budget constraints,

2. (Commodity market clearing) cyt + cot = eyt + eot ,

3. (Rental market clearing) ht = 1,

4. (Housing market clearing) xt = 1
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Equilibrium characterization

• Let St = Pt + rt be housing expenditure

• Market clearing implies xt = ht = 1 and hence cyt = eyt − St ,
cot+1 = eot+1 + St+1

• For simplicity, write (cy , co) = (y , z); first-order conditions
imply 1/Rt = Uz/Uy and rt = Uh/Uy

• Combining these with Rt = St+1/Pt yields

St+1Uz = StUy − Uh

• Hence equilibrium fully characterized by sequence of housing
expenditure {St}∞t=0 satisfying this difference equation
• Can show existence of equilibrium
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Definition of bubbles
• Asset dividend Dt ≥ 0, price Pt ≥ 0 at t = 0, 1, . . .

• With Arrow-Debreu (date-0) price qt > 0, no-arbitrage implies

qtPt = qt+1(Pt+1 + Dt+1), so

P0 =
T∑
t=1

qtDt + qTPT by iteration

• Letting T →∞, get

P0 =
∞∑
t=1

qtDt︸ ︷︷ ︸
=:V0=fundamental value

+ lim
T→∞

qTPT︸ ︷︷ ︸
bubble component

• If limT→∞ qTPT = 0, transversality condition holds and no
bubble; if > 0, bubble
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Bubble Characterization Lemma

Lemma
If Pt > 0 for all t, asset price exhibits bubble if and only if

∞∑
t=1

Dt

Pt
<∞

• This is Proposition 7 of Montrucchio (2004)

• Hence bubble if and only if sum of dividend yields finite

• Except pure bubble models (Dt ≡ 0), bubbles are
fundamentally nonstationary phenomena: price must grow
faster than dividend
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Bubble Necessity Theorem

• Consider OLG endowment economy with dividend-paying asset

• Let long run dividend growth be Gd := lim supt→∞D
1/t
t

Lemma (Hirano and Toda, 2024b, Theorem 2)

Suppose that (i) utility function U(y , z) is continuously
differentiable, homothetic, and quasi-concave, and (ii) endowments
satisfy G−t(eyt , e

o
t )→ (e1, e2) as t →∞, where G > 0, e1 > 0,

and e2 ≥ 0. Let R := (Uy/Uz)(e1, e2) be long run autarky interest
rate. If

R < Gd < G ,

then all equilibria are bubbly with asset price Pt satisfying
lim inft→∞ Pt/e

y
t > 0.
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Assumptions

Assumption (Endowments)

There exist G > 1, e1, e2 > 0, and T > 0 such that the
endowments are (eyt , e

o
t ) = (e1G

t , e2G
t) for t ≥ T

• Constant income ratio and growth in long run

• Justification of G > 1 Image
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Assumptions

Assumption (Utility)

The utility function takes form

U(y , z , h) = u(c(y , z)) + v(h),

where

1. composite consumption c(y , z) is homogeneous of degree 1,
quasi-concave (and differentiable, Inada condition)

2. utility of composite consumption is u(c) = c1−γ

1−γ for some
γ ∈ (0, 1),

3. utility of housing service satisfies v ′ > 0.
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Justification of γ < 1

• Interpretations of γ:
• reciprocal of elasticity of substitution between consumption

and housing service
• elasticity of rent with respect to income

• (Empirical)
• Ogaki and Reinhart (1998) find γ = 1/1.24 = 0.81 from ES

between durable & non-durable consumption
• Piazzesi et al. (2007) find γ = 1/1.27 = 0.79 from

cointegration of price & quantity of housing service
• Howard and Liebersohn (2021) find γ = 0.79 from

cross-sectional regression

• (Theoretical) γ > 1 is pathological
• price/rent→ 0 as t →∞
• interest rate→∞ as t →∞
• Young consumption → 0 as t →∞
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Two useful results

Lemma (Backward induction)

For any equilibrium ST = {St}∞t=T starting at t = T , there exists
a unique equilibrium S0 = {St}∞t=0 starting at t = 0 that agrees
with ST for t ≥ T .

• Suffices to study equilibrium behavior near steady state

• Hence without loss of generality assume
(eyt , e

o
t ) = (e1G

t , e2G
t) for all t
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Two useful results

Theorem (Long run rent growth)

In any equilibrium, long run rent growth is

Gr := lim sup
t→∞

r
1/t
t = Gγ < G .

Proof.
• Easy to show Gr ≤ Gγ

• If lim inft→∞ St/G
t = e1, then rt/St ∼ G (γ−1)t , so housing

bubble by Bubble Characterization Lemma ?

• But can also show Rt →∞, TVC holds, and no housing
bubble, contradiction

• Hence lim inft→∞ St/G
t < e1, the rest easy
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(Non)existence of fundamental equilibria

• Let w := e2/e1 be old to young income ratio

• By previous lemma, rent grows at rate Gγ < G

• Hence if housing price reflects fundamental value, St grows at
rate Gγ and St ≪ eyt
• Economy becomes “house-less” in long run and interest rate
becomes

Rt =
cy
cz

(cyt , c
o
t+1) ∼

cy
cz

(e1G
t , e2G

t+1) =
cy
cz

(1,Gw),

• If w sufficiently low, Rt < Gγ , implying infinite fundamental
value, which is impossible in equilibrium
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Phase transition of equilibrium housing price regimes

1/γ
Elasticity of substitution

1/w = e1/e2

0 1

1/w∗
f

1/w∗
b

(Pathological)

Fundamental

Fundamental regime

Bubble possibility regime

Bubble necessity regime

Young

rich

poor
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Housing price regimes and equilibrium interest rate

1/w = e1/e2

R

0 1/w∗
b 1/w∗

f

poor ← Young → rich

Bubbly equilibrium
G

Fundamental equilibriumGγ

Fundamental Possibility Bubble necessity
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(Non)existence of fundamental equilibria

Theorem
Let m = v ′(1) and w = e2/e1.

1. There exists unique w∗
f > 0 satisfying (cy/cz)(1,Gw

∗
f ) = Gγ .

2. If w > w∗
f , there exists fundamental long run equilibrium such

that

(cyt , c
o
t ) ∼ (e1G

t , e2G
t), Pt ∼ meγ1

Gγcz
cy − Gγcz

cγ

cy
Gγt ,

rt ∼ meγ1
cγ

cy
Gγt , Rt ∼

cy
cz

> Gγ ,

where c , cy , cz are evaluated at (y , z) = (1,Gw).

3. If w < w∗
f , there exist no fundamental equilibria, and all

equilibria bubbly with lim inft→∞ G−tPt > 0.
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Discussion of (non)existence

• Existence part (w > w∗
f , so young poor enough) just says we

can construct fundamental equilibrium with intuitive order of
magnitude, so no big deal
• But nonexistence part (w < w∗

f , so young rich enough) much
stronger: no fundamental equilibria can exist at all, regardless
of long run behavior such as
• convergent,
• cyclic,
• chaotic

• Nonexistence part based on Bubble Necessity Theorem of
Hirano and Toda (2024b, JPE)
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Existence of bubbly equilibrium

• Since economy grows at rate G , if bubbly equilibrium exists,
housing expenditure St must grow at rate G

• Then Rt = St+1/Pt → G

• Define detrended variable st = St/(e1G
t)

• Then equilibrium condition is nonlinear difference equation

Gst+1cz = stcy −meγ−1
1 G (γ−1)tcγ ,

where functions evaluated at
(cyt , c

o
t+1) = (1− st ,G (w + st+1))
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Existence of bubbly equilibrium

Theorem
Let m = v ′(1) and w = e2/e1.

1. There exists unique w∗
b > w∗

f satisfying
cy
cz
(1,Gw∗

b ) = G . Let

s∗ = w∗
b −w

w∗
b +1 .

2. For generic G > 1 and w < w∗
b , there exists bubbly long run

equilibrium such that

(cyt , c
o
t ) ∼ (e1(1− s∗)G t , e1(w + s∗)G t), Pt ∼ e1s

∗G t ,

rt ∼ meγ1
cγ

cy
Gγt , Rt ∼ G ,

where c , cy are evaluated at (y , z) = (1− s∗,G (w + s∗)).

3. In bubbly equilibrium, there is housing bubble and the
price-rent ratio Pt/rt diverges to ∞.
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Numerical example

• Suppose utility is CES, so

c(y , z) =

{
((1− β)y1−σ + βz1−σ)

1
1−σ if 0 < σ ̸= 1,

y1−βzβ if σ = 1

• Set β = 1/2, σ = 1, γ = 1/2, m = 0.1, and G = 1.1

• Then w∗
b = 1; consider (a, b) = (95, 105) (fundamental) or

(a, b) = (105, 95) (bubbly)
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Fundamental equilibrium dynamics

0 20 40 60 80 100
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106 Aggregate endowment
Housing price
Rent
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Bubbly equilibrium dynamics
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Expectation-driven housing bubbles

• Suppose income distribution between young and old changes
between (95, 105) (fundamental) and (105, 95) (bubbly)

• Consider both unexpected change and expected change for 10
periods

• Even if income does not change, access to credit has same
effect (see paper)

35/43



Introduction Model Housing prices in long run Expectation-driven housing bubbles Welfare implications Conclusion

Unexpected income change
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Expected income change
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Expected income change
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• Irving Fisher was right to proclaim “prices have reached what
looks like a permanently high plateau”
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Welfare implications

• Housing (and land) is durable non-reproducible asset

• McCallum (1987) showed land restores dynamic efficiency in
(particular) OLG model

• This widely believed result is not true in general

Theorem
Let w = e2/e1 and w∗

f ,w
∗
b be as above.

1. If w ≥ w∗
b , any equilibrium is efficient.

2. If w < w∗
b , any bubbly equilibrium is efficient.

3. If w < w∗
b , any fundamental equilibrium is inefficient.

• McCallum (1987) implicitly assumed steady state growth,
which need not hold

• Hence policymakers have role in guiding equilibrium selection
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Concluding remarks

• Theory of housing bubbles remains largely underdeveloped due
to the fundamental difficulty of attaching bubbles to
dividend-paying assets

• Presented bare-bones model of housing bubbles with phase
transitions

• Welcome generalizations and quantitative & empirical analysis

• Some testable implications:
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Testable implications

1. Income (or available funds) of home buyers ↑ =⇒ bubble
more likely
• Gyourko et al. (2013) document correlation between income

growth and housing appreciation
• Barlevy and Fisher (2021) document correlation between

availability of interest-only mortgage and housing appreciation

2. If bubble, both price-rent ratio and price-income ratio increase
• Amaral et al. (2024) show upward trend in price-rent ratio
• Bäcker-Peral et al. (2024) show downward trend in housing

yield

43/43



Introduction Model Housing prices in long run Expectation-driven housing bubbles Welfare implications Conclusion

Testable implications

1. Income (or available funds) of home buyers ↑ =⇒ bubble
more likely
• Gyourko et al. (2013) document correlation between income

growth and housing appreciation
• Barlevy and Fisher (2021) document correlation between

availability of interest-only mortgage and housing appreciation

2. If bubble, both price-rent ratio and price-income ratio increase
• Amaral et al. (2024) show upward trend in price-rent ratio
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Arce, Ó. and D. López-Salido (2011). “Housing Bubbles”.
American Economic Journal: Macroeconomics 3.1, 212–241.
doi: 10.1257/mac.3.1.212.
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Housing price and rent index
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Housing price and rent in U.S. counties
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Expected long term housing yield in U.K.

Figure 1 plots the estimated average y⇤ from 2000 to 2023, and the shaded area represents

the 95% confidence interval. There are two key findings. First, though y⇤ stays stable around

5.3% between 2000 and 2006, there is a trend fall at the onset of the Great Recession,

culminating in a low of 2.8% in 2023. The magnitude of this decline is large, equivalent

to a near-doubling of the long term price-rent ratio. Second, y⇤ remained relatively stable

through the pandemic and afterwards. The sample size expands over time, resulting in more

precise estimates in recent years.

Figure 1: Time Series of the Expected Long Term Housing Yield

The figure shows estimates of y⇤ over time for the full sample of lease extensions. Estimates for 2000-2003 are pooled and are
reported in the dashed black line. Yearly estimates of y⇤ for 2004-2023 are plotted in the solid black line. Monthly estimates
for January 2023 through December 2023 are also reported. The shaded area shows 95% confidence intervals for the estimates.
Standard errors are heteroskedasticity robust.

An important advantage of our data set is that it is not only public, but also updated

in real time on monthly basis. Since y⇤ contains information about important macroeco-

nomic parameters such as r⇤, our methodology and real-time estimates should be useful for

policy-relevant questions. There are close to a thousand lease extension natural experiments

reported every month, allowing for precise real time estimates. Figure 1 illustrates real-time

estimates, plotting separately the twelve monthly updates for 2023.2

Our natural experiment and microdata based approach for estimating the expected long-

term yield has three main advantages. First, the approach “di↵erences out” the shorter

2See the paper’s website for data, code, real-time estimates and replication instructions.

3

Figure: Figure 1 of Bäcker-Peral, Hazell, and Mian (2024)
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Housing units and GDP
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