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Introduction
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Asset price bubbles

Casual inspection of modern economic history suggests
presence of asset price bubbles

® Examples:
® Japanese real estate bubble in late 1980s
® U.S. dot-com bubble in late 1990s
® U.S. housing bubble in mid 2000s

[ ]

Kindleberger (2000) documents 38 bubbly episodes in

1618-1998 period

Rational bubble: asset price (P) > fundamental value (V)
® V = present value of dividends (D)
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Fundamental difficulties

® Dominant view in macro-finance: asset price reflects
fundamentals (P = V)
® Fundamental difficulty in generating bubbles attached to
dividend-paying assets
® |f D non-negligible relative to aggregate endowment, then
P = V (Santos and Woodford, 1997)
® Bubble exists if and only if dividend yield D;/P, summable
(Montrucchio, 2004)
® Hence bubbles impossible in stationary models with D > 0
® Given fundamental difficulties, existing literature almost
exclusively focus on D = 0 (pure bubble)
® Many shortcomings including lack of realism, equilibrium
indeterminacy, inability to connect to empirical literature
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This paper

Proposes macro-finance theory to think about bubbles
attached to dividend-paying assets

Keyword: unbalanced growth, unlike stationary world
characterized by balanced growth

Balanced or unbalanced growth endogenously determined by
financial leverage:

® Low leverage: weak financial accelerator, balanced growth,
fundamental value

® High leverage: strong financial accelerator, unbalanced growth,
bubble

Hence with financial (or technological) development and
presence of fixed factor like land, bubbles become inevitable
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Model overview

Key features of model:

® |nfinite horizon: t =0,1,...

® |nfinitely-lived heterogeneous agents

® |ncomplete markets

® |everage constraint

® AK model at individual level, neoclassical production with

land at aggregate level
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Agents

e Continuum of agents with mass 1 indexed by i € | = [0, 1]
¢ Log utility (inessential; only for tractability)

oo
Eo ) Bllogc:
t=0

® Rational expectations
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Productivity

® AK model at individual level: invest iy — capital ki1 = z¢iy
® Productivity z; drawn from cdf ®, 11D across agents and time

® Note: productivity known before investment

Assumption
® : [0,00) — [0,1) is absolutely continuous with [;° zd®(z) < co.
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Production

® Aggregate capital K, land X
¢ Neoclassical production function f(K, X)
® CES example: f(K,X) = A(aK~? + (1 - @)leﬂ)ﬁ
® 1/p is elasticity of substitution
e Let F(K,X)=f(K,X)+ (1—06)K, where §: capital
depreciation rate

Assumption

F: Ri + — Ry is homogeneous of degree 1, concave, continuously
differentiable with positive partial derivatives, and satisfies

. F(K,1) .
i SR = i Pl ) =m0

9/31



Model
0000e00

Land and REIT

Land in unit supply

In background, perfectly competitive financial intermediaries
securitize land into real estate investment trust (REIT); hence
land is just a risk-free asset (bond)

Land rent at time t is Fx(Kt, 1)

Hence gross risk-free rate from t to t + 1 is

_ Pryi+ Fx(Kea, 1)

R: :
t Pt )

where P;: land price
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Budget constraint

® let w; be wealth of typical agent carried over from previous
period

® Then agent decides allocation

Ct + I't + bt = Wt
~— ~— ~—

consumption  investment bond

® Because capital is kyy1 = ztiy, time t + 1 wealth is defined by

w1 = Fr(Key1, 1)zeh + R:bt
— ~~

income from capital ~ income from REIT
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Leverage constraint

® Agents are subject to leverage constraint

0< it < A(ie + by),
. M v,
Investment equity

® )\ > 1: exogenous leverage limit
L4 it + bt = Wt — Ct: “equity”

® Noting 1 — 1/ > 0, we obtain

by < (1—=1/\) i,

borrowings collateral ratio

so leverage constraint equivalent to borrowing constraint
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Equilibrium

® Due to log utility, optimal consumption ¢; = (1 — 8)w;

® Hence can aggregate individual behavior and rational
expectations equilibrium reduces to aggregate dynamics of

® R;: gross risk-free rate

Z;: productivity threshold for investment
W;: aggregate wealth

K:: aggregate capital

P;: land price

® Below, we derive aggregate dynamics
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Investment

e If produce capital, return on investment is Fx(K:11,1)z
® |f invest in risk-free asset, return is R;

® Hence productivity threshold is

R:
Fr(Kiy,1 R «~— Zi = ——
k(Ker1,1)ze > Ry Zt > Zt Fr(Keon, 1)
® Due to leverage constraint, optimal asset allocation is
. (0, Bwy) if z < z,
(i, br) = . -
()\BWt7 (]_ — )\)IBWt) if Zy > Z¢.
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Aggregate wealth
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F(K¢, 1) + Py,

° et W; = f, w;r di be aggregate wealth
e Recall individual wealth wy = Fx (K¢, 1)ke + Re—1br—1
® Aggregating and noting bonds backed by land,

We = Fk(K:, 1)Kt + Re—1Pe—1
- FK(Kt, 1)Kt + Pt + FX(KU 1)

where last line follows from
15/31
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Aggregate capital and land price
® Aggregating individual capital k;11 = z:i, aggregate capital is
Kiy1 = ﬁ)\Wt/ zd®(z)

® Aggregating bond holdings b; and noting bonds backed by
land, land price is

P, — ﬁwt/:t do(2) ~|—,8(1—)\)Wt[00d¢(z)

savings by unproductive borrowings by productive

= BWL(AD(Z) + 1 — A)
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Financial accelerator

Our model produces financial accelerator

When land price P; T, current wealth
Wt: F(Kt,l)-i-PtT

When current wealth W; 1, next period capital

Key1 = BAW, /_Oozdcb(z) 4

Zt

and also W1 T
Increased wealth feeds back to land price:

Pey1 = BWepa(AP(Ze41) +1 - A) 1

References
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Asymptotic behavior

® Asymptotic behavior of model depends on leverage A

® High A — high investment — economy grows
® Low A — low investment — economy converges

® Suppose economy asymptotically grows at rate G > 1, so

Kt ~ th, Wt' ~ WGt, Pt ~ th

References
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Elasticity of substitution and land rents

® |et o be asymptotic elasticity of substitution between capital
and land:
: Jlog(K/X)
o=—lim ————
K—o0 0 |Og(FK/Fx)
Recalling Fx /K — m > 0, can show o > 1 regardless of F
Then land rent ry ~ rGt/? grows at rate GY/? < G

Risk-free rate converges to

P r,
_ t+1 1 tHl

R
t P,

Hence productivity threshold converges to

R G
Fk(Kir1,1)  m

Zy =
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Growth condition

® |etting t — oo in equilibrium conditions, get long-run growth
condition

B)\fgjmzdd)(z)
1—BAP(G/m)+1—))

G/m=

e Setting G = 1 and solving for A, we get G > 1 if and only if

- 1.3 1
A> )\ = .
~ B I (mz — 1)de(z)
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Existence of equilibrium

Proposition
Let Z be random variable with cdf ® and assume
BE[MZ | mZ > 1] > 1. Let X\ be leverage threshold as above.
Then
1. If X < \, there exists a unique equilibrium converging to
steady state.
2. If A > ), there exists a unique equilibrium with order of
magnitude K; ~ kG, Wy ~ wG*, Py ~ pG*, where G > 1
satisfies long-run growth condition.
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Fundamental value and land bubble

® Model features no aggregate uncertainty
® letgr =1/ HE;(IJ Rs be date-0 price of consumption delivered
at time t (price of zero-coupon bond with maturity t)
® By definition, fundamental value of land is present value of
land rents Lo
Vi = — Z Qsfls,
gt s=t+1
® We say land price exhibits bubble if Py > V;
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Unbalanced growth and asset bubble

With growth G > 1, we know R; ~ G and r; ~ G'/7 (with
o>1)

Thus, growth rate of economy (G) exceeds growth rate of
rents (G/?): unbalanced growth

Under unbalanced growth, fundamental value of land

Vi ~ Z Gl Srg ~ Gt/o
s=t+1

But with growth, we know P; ~ Gt > G'/? ~ V4, so land
necessarily exhibits bubble

® Asset bubbles are fundamentally nonstationary phenomena
(Hirano and Toda, 2024a,b)

References
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Land bubble characterization and phase transition

Theorem
Let \ be leverage threshold. Then
1. If X < )\, we have P; =V, for all t. The economy exhibits
balanced growth and the price-rent ratio converges to a
positive constant.
2. If X > X\, we have P, > V, for all t. The economy exhibits
unbalanced growth and the price-rent ratio diverges to oc.

® Economy exhibits phase transition

® Low \: exogenous growth (G = 1), fundamental value
® High X\: endogenous growth (G > 1), asset bubble
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Numerical example

® CES production function

® Exponentially distributed productivities: ®(z) =1 — e 7

® Parameters: 3 =0.95 a = 0.5, § = 0.08, v = —log(0.1) (so
Pr(z > 1) =0.1)

[ ]

Vary leverage A and elasticity of substitution in production
function 1/p
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Phase transition

Leverage A

0 1 Elasticity of substitution.1/p

= DAl
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Leverage-driven bubble
® Set p = 1 (Cobb-Douglas)
® Change leverage A from 1 to 2, then back to 1 (unanticipated)

Leverage-driven bubble

5 .
Land price

— ——-Land rent
4l —— Price-rent ratio
3L
2L
A S ===
0 Bubble . .
-10 0 10 20 30 40

-
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Two-sector model

Consider special case with linear production function
F(K,X)=mK + DX

Can be interpreted as two-sector economy

1. Modern capital-intensive sector
2. Traditional land-intensive sector (agriculture)

For analytical tractability, consider “large open economy”

® Open economy: interest rate R constant

® Large economy: external savings/borrowings negligible — pins
down R

Can show existence and uniqueness of equilibrium

Can characterize wealth distribution
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V-shaped interest rate
Proposition
Equilibrium gross risk-free rate R is strictly decreasing (increasing)
for A < XA (A > )\).

® In fundamental regime, as leverage relaxed, marginal investor
becomes less productive, hence low interest rate

® In Bubbly regime, as leverage relaxed, G = R 1
1.2
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Bubbles and wealth inequality

® Use Beare and Toda (2022) formula to compute Pareto
exponent

® |n fundamental regime, as leverage relaxed, unproductive
agents earn low R — higher wealth inequality

® In bubbly regime, as leverage relaxed, R 1 and unproductive
catch up

N
v &

Wealth Pareto exponent (¢)
@

—
Yese=1  |g=c¢>1 B
0.5
0 [Fundamental regime Bubbly regime
0 0.5 1 1.5 2 2.5 3

Leverage ())
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Concluding remarks

® Proposed macro-finance theory to think about bubbles
attached to dividend-paying assets
® Model circumvents shortcomings of pure bubble models
including lack of realism, equilibrium indeterminacy, and
inability to connect to empirical literature
® Balanced or unbalanced growth endogenously determined by
financial leverage:
® Low leverage: weak financial accelerator, balanced growth,
fundamental value

® High leverage: strong financial accelerator, unbalanced growth,
bubble

® Hence with financial (or technological) development and
presence of fixed factor like land, bubbles become inevitable
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Figure: Japanese bubble in late 1980s
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